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Abstract. Multiple Schramm-Loewner Evolutions (SEE) are conformally invariant random processes of 
several curves, whose construction by growth processes relies on partition functions — Mobius covariant 
solutions to a system of second order partial differential equations. In this article, we use a quantum 
group technique to construct a distinguished basis of solutions, which conjecturally correspond to the 
extremal points of the convex set of probability measures of multiple SLEs. 


1. Introduction 

In the 1980s, it was recognized that conformal symmetry should emerge in the scaling limits of two- 
dimensional models of statistical physics at critical points of continuous phase transitions |BPZ84[ 
ICar88| . This belief has provided an important motivation for remarkable developments in conformal 
field theories (CFT) during the past three decades. Especially in the past fifteen years, also progress in 
rigorously controlling scaling limits of lattice models and showing their conformal invariance has been 
made. Some such results concern correlations of local fields as in CFT jKenOOl FHonlOl IHS13I ICHI15| or 
more general observables ISmiOll ICS121ICI13I , but the majority has been formulated in terms of random 
interfaces in the models |LSW04I ICN071 IZha08al IHK131 ICDCH+14[ 

The focus on interfaces and random geometry in general was largely inspired by the seminal article 
|SchOO| of Schramm. Schramm observed that if scaling limits of random interfaces between two marked 
boundary points of simply connected domains satisfy two natural assumptions, conformal invariance 
and domain Markov property, the limit must fall into a one-parameter family of random curves. The 
parameter At > 0 is the most important characteristic of such interfaces, and the corresponding curves 
are known as chordal SLE^, an abbreviation for Schramm-Loewner Evolution. This classification result 
is sometimes referred to as Schramm’s principle. 

The simplest setup for Schramm’s principle is the chordal case described above: a simply connected 
domain A with a curve connecting two marked boundary points € dA. This setup arises in models 
of statistical mechanics when opposite boundary conditions are imposed on two complementary arcs 
^r] and of the domain boundary dA, forcing the existence of an interface between ^ and rj. Some 
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Figure 1.1. In statistical mechanics models with alternating boundary conditions on 
2N boundary segments, interfaces form one of the Cjv possible planar connectivities. 
The figure exemplifies the N = 3 case with critical Ising model simulations in a 100 x 100 
square. Such critical Ising interfaces tend to multiple SLE^ with k = 3 in the scaling 
limit |Izyll[ |Izyl6| . 


variations of the chordal SLE setup are obtained if one considers one marked point on the boundary and 
another in the bulk, which leads to radial SLE |Sch00l |RS05| . or three marked boundary points, which 
leads to dipolar SLE |Zha04l IBBH05| . For the purposes of statistical mechanics, one of the most natural 
generalizations involves dividing the boundary to an even number 2N of arcs, and imposing alternating 
boundary conditions of opposite type on the arcs. This forces interfaces to start at 2N marked boundary 
points, and such interfaces will connect the points pairwise without crossing. In this situation, one has 
N random interfaces, see Figure o Such generalizations of SLE-type processes have been considered 
in [BBK05I IGra07[ IDub07| . and they are generally termed multiple SLEs or A^-SLEs. Results about 
convergence of lattice model interfaces to multiple SLEs have been obtained in |CS12l |Izyll|. 


Classification of multiple SLEs by partition functions. Multiple SLEs should still satisfy confor¬ 
mal invariance and domain Markov property. An important difference arises, however, when a classifica¬ 
tion along the lines of Schramm’s principle is attempted. While any configuration of a simply connected 
domain with two marked boundary points (A; rj) can be conformally mapped to any other according 
to Riemann mapping theorem, the same no longer holds with configurations (A; ^i,..., ^ 2 n) of a domain 
with 2N marked boundary points for N > 2 — such configurations have nontrivial conformal moduli. 
The requirement of conformal invariance is therefore less restrictive, and one should expect to find a 
larger family of random processes of N curves. These processes form a convex set, as one can randomly 
select between given possibilities. A natural suggestion was put forward in |BBK05| : the extremal 
points of this convex set should be processes which have a deterministic pairwise connectivity of the 
2N boundary points by the N non-crossing curves in the domain. Such extremal processes were termed 
pure geometries of multiple SLEs. Pure geometries of multiple SLEs are thus labeled by non-crossing 
connectivities, or equivalently, planar pair partitions a. For fixed N, the number of them is the Catalan 
number Cn = 

This article pertains to an explicit description and construction of the pure geometries of multiple 
SLEs. We follow the approach of |Dub071 IBBK051 IGra071 IDub06| . in which local multiple SLEs are 
constructed by growth processes of the curves starting from the marked points ,..., ^ 2 N G dA. The 
probabilistic details are postponed to Appendix]^ where we give the precise definition of local multiple 
SLEs, the ingredients of their construction and classification, as well as relevant properties. Crucially, 
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the construction of a local A/^-SLE^ uses a partition function, a function Z defined on the chamber 


(1.1) 


^2Ar = 


|(xi, . . . ,X2Ar) 


I)2Af 


a;i < • • • < xi]<s 


}■ 


The partition function Z is subject to a number of requirements. First of all, it should be positive, 
Z(xi,..., a; 2 Ar) > 0, since it is used in expressing the Radon-Nikodym derivatives of initial segments of 
the local A^-SLE,.; curves with respect to ordinary chordal SLEs. It has to satisfy a system of 27V linear 
partial differential equations (PDE) of second order. 


( 1 . 2 ) 



2 d 

Xj — Xi dxj 



Z{xi,.. .,X2 n) = 0 


for alH = 1,..., 27V, 


where h = to guarantee a stochastic reparametrization invariance |Dub07| [] It has to transform 
covariantly (COV) under Mobius transformations fi{z) = 


2N 

(1.3) Z{xi, . . .,X 2 n) = X Z{^i{xi), . . .,fl{X 2 N)), 

i=l 

in order for the constructed process to be invariant under conformal self-maps of the simply connected 
domain A. The results of Appendix state that local multiple SLEs are classified by such partition 
functions Z, and the convex structure of the multiple SLEs corresponds to the convex structure of the 
set of such functions. 


Theorem (Theorem A.41. 


• Any partition function Z can be used to construct a local multiple SLE^, and two functions Z^ Z 
give rise to the same loeal multiple SLE^ if and only if they are eonstant multiples of each other. 

• Any local multiple SLE^ can be constructed from some partition function Z, which is unique up 
to a multiplicative constant. 

• For any 0<r<l, if Z = r Zi + {1 — r) Z 2 is a convex combination of two partition functions 
Zi and Z 2 , then the loeal multiple SLE^ probability measures assoeiated to Z are convex combi¬ 
nations of the probability measures assoeiated to Zi and Z 2 , with eoefficients proportional to r 
and 1 — r, and proportionality eonstants depending on the conformal moduli of the domain with 
the marked points. 


Multiple SLE pure partition functions. The above results form a general classification of local 
multiple SLEs by the solution space of the system (1.21 - (1.3l. This solution space can be shown to be 
finite dimensional |Dub06| . and indeed, the correct dimension C^r has been established in the articles 
jFKlSal IFK15bl IFKlScj (for solutions with at most polynomial growth rate at diagonals and infinity). 


The task is to construct multiple SLE pure geometries, for each possible connectivity of the TV curves. 
The sequence of marked boundary points ^ 1 ,... ,f, 2 N is from now on assumed to appear in a positive 
(counterclockwise) order along the boundary dA. We encode the connectivities of the non-crossing 
curves by planar pair partitions a of the indices 1,..., 27V of the marked points ^ 1 ,..., f 2 N ■ As has 
become standard in the literature, we refer to the pairs as links and the pair partitions as link patterns. 
A link formed by the pair {a, b} of indices will be denoted by [a, 6]. A link pattern will be denoted by 

a= |[ai,6i],...,[aAr,6Ar]} . 

The non-crossing condition, i.e., the planar property of the pair partition, can be expressed as the 
requirement {ctj — cik){bj — bk){hj — ak){ctj — hf^) > 0 whenever j ^ k. The set of link patterns of links is 
denoted by LPat, and we recall that the number of these is a Catalan number, ^^LPiv = Civ = Cn) ■ 


^These PDEs also arise in conformal field theory — see, e.g., |BBK051IFK15a] . The conformal weight h = hi ,2 appears 
in the Kac table, and the PDEs are the null-field equations associated with the degeneracy at level two of the boundary 
changing operators at the 2N marked boundary points. 
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Figure 1.2. When removing the link [3,4] from the link pattern a = 
{[i78],[0],[M,[M} e LP 4 , we obtain a/['M] = {[iTe], [O], [O]} e LP 3 after 
relabeling the remaining endpoints. 


By convention, we include the empty link pattern 0 G LPq in the case N = 0. The set of link patterns 
of any possible size is denoted by LP = IJ^^qLPat, and for a G LPjy, we denote jaj = W 


We seek pure geometries of multiple SLEs corresponding to each link pattern, so in view of the theorem 
above, the task is to construct their corresponding partition functions (^a)aeLP- Each must solve 
the system (1.2 1 - (1.3). This system, which is the same for all link patterns a of the same number of 
links, is supplemented by boundary conditions which depend on a. 


The boundary conditions are stated in terms of removing links from the link pattern. After removal of 
one link from a G LPjy, the indices must be relabeled by 1,..., 2iV — 2. When [j,j + 1] S a, we denote 
by a/[j,j + 1] the link pattern of iV — 1 links where the link [j,j + 1] is removed and indices greater 
than j + 1 are reduced by two, see Figure [E2| 


The boundary conditions are recursive in the number of links: the conditions for a G LPat, depend 
on the solutions Z^, a G LPj^-i- Specifically, we require of Za that for all j = 1,..., 2iV — 1 and any 
5 G (xj-i,Xj+ 2 ), we have 


(1.4) 


lim 


• 2 'ck (^1 j • ■ ■ 5 ^2N ) 

{Xj + l - Xj) 


-2h 


. (xr , . . . , Xj — \ , Xj-\.2 X2 n ') 


if [jJ_ 

if [JJ' 


l]^a 

"ij e a. 


1 “/[ij+i] 

These conditions were proposed in |BBK05j . where pure geometries were introduced, and they were 
conjectured to be sufficient to determine a solution to the system (1.2) - (1.3). The probabilistic 
meaning of these conditions is clarified in Appendix ^ Propositions A.5 and A. 6 
system (1.2) - (1.4) will be called multiple SEE pure partition functions, 
solving these conditions turns out to be unique up to one multiplicative factor, and although positivity 
is neither required nor proved here, we conjecture that the factor can be chosen so that all Za are 
simultaneously positive. 


Solutions to the 
The collection (Za)aeLP 


The main result of this article is the explicit construction of these Mobius covariant solutions to the 
system of PDEs with boundary conditions. The statement concerns the physically relevant parameter 
range k < 8, and generic values k ^ Q, which avoids certain algebraic and analytic degeneracies. 


Theorem (Theorem |4.1| . For k G (0,8) \ Q, there exists a collection {Za)a^i,p of functions 

Za '■ X2 |q| C 


such that the system of equations (1.2) - (1.4) holds for all a G LP. For any N G Z>o, the collection 
iZa)a^pp„ linearly independent and it spans a Cn- dimensional space of solutions to (1.2) - (1.3). 
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Our solution is based on a systematic quantum group technique developed in [KP14| . By the “spin chain - 
Coulomb gas correspondence” of that article, we translate the problem of solving the system (1.2) - 
(1.4) to a linear problem in a 2^-dimensional representation of a quantum group, the g-deformation of 
sl 2 . With this translation, we first exhibit an explicit formula for all maximally nested (rainbow) link 
patterns, and then obtain the solutions for other link patterns using a recursion on the partially ordered 
set of link patterns with a given number N of links. 


Solutions to SLE boundary visit amplitudes. Using our solution to the problem of multiple SLE 
pure partition functions, we also derive the existence of solutions to another question to which the “spin 
chain - Coulomb gas correspondence” is applied — the chordal SLE boundary visit amplitudes, treated in 
|JJK16| . These amplitudes are functions indexed by possible orders of visits, VO = LlAT'eN VOjv'j where 
VOat' = {—) +}^ is the set of possible orders of visits to N' boundary points. Like multiple SLE pure 
partition functions, the boundary visit amplitudes iCui)^^Yo are required to satisfy partial differential 
equations, covariance (translation invariance and homogeneity), and boundary conditions (prescribed 
asymptotic behaviors). We postpone the precise statement of the problem to Section]^ Uniqueness of 
solutions in the class of functions obtained by the “spin chain - Coulomb gas correspondence” is relatively 
easy, and existence was shown for V' < 4 in |,T,TK16| by direct calculations. We prove the existence for 
all N'. 


Theorem (Theorem 5.2). For k S (0, 8 )\Q, there exists a collection of functions such that the 

system of partial differential equations, covariance, and boundary conditions required in |,I,IK16| holds 
for all ui G VO. 


Relation to other work. We follow the approach of constructing multiple SLEs by a growth process, 
where a partition function Z is needed as an input. An alternative approach is the so called configu¬ 
rational measure of multiple SLEs, where the Radon-Nikodym derivative of the law of the full global 
configuration of curves (w.r.t. N chordal SLEs) is written in terms of Brownian loop measure. For 
K < 4, the configurational measures for the maximally nested (rainbow) link patterns were constructed 
in |KL07| . However, constructions of configurational measures with 4 < k < 8 have not been given. 
The most obvious advantage of the configurational measure is the direct treatment of the global config¬ 
uration. In contrast, the growth process construction straightforwardly only allows to define localized 
versions of multiple SLEs (see Appendix |A|, and the extension to globally defined random curves poses 
challenges similar to the reversibility of chordal SLE |Zha08bl IMS 12b| . The partition function approach, 
however, is somewhat more explicit and better suited for example for sampling multiple SLEs. The two 
approaches should of course produce the same results, and in a future work we plan to show this. The 
total masses of the unnormalized configurational measures will, in particular, be explicitly expressible 
in terms of our partition functions. 


The pure partition functions are intimately related to crossing probabilities in models of statistical 
physics |BBK05| . and they have also been called “connectivity weights” in the literature |FK15dllFSK15| . 
Note that for N = 2, Mobius covariance (1.3) allows to reduce the partial differential equations (1.2) 
to ordinary differential equations, and pure partition functions for 2-SLE are then straightforwardly 
solvable in terms of hypergeometric functions |BBK05| . They generalize Cardy’s formula |Car92| for 
crossing probabilities for critical percolation, to which they reduce at k = 6 . For percolation and V = 3, 
a recent numerical study |FZS15| confirms the validity of crossing probability formulas found in |Siml3| . 
Very recently, explicit formulas for connectivity weights for cases N = 3 and TV = 4 and a formula for 
rainbow connectivity weights for general N were worked out in |FSK15| . Virtually all work for N > 2 
relies on some form of Coulomb gas integral solutions |DF84| . which also underlie the correspondence 
|KP14| that is crucially employed in the present work. 

The solutions to the system (1.2) - (1.3) for all N have also been studied in the series of articles 
|FK15al IFKlSbl IFKlScI IFK15d| . The main results are closely parallel to ours, although the works 
have been independent. Our integrals treat all marked points symmetrically at the expense of having 
dimension one higher than those of Flores and Kleban. Importantly, by different analytic methods, 
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Flores and Kleban prove also the upper bound for the dimension of the solution space, and by a limiting 
procedure, they obtain results about rational k. 


We include a probabilistic justification for the system (1.21 - (m and boundary conditions ( |1.4[ ), in 
the form of a classification and properties of local multiple SLEs, in Appendix]^ Our method of solving 
this system has the advantage of being completely systematic, in translating the problem to algebraic 
calculations in finite dimensional representations of a quantum group. The translation, based on |KP 14] . 
allows to deduce properties of the solutions conceptually, using representation theory. This systematic 
formalism will also be valuable in further applications, which require establishing for example bounds 
or monodromy properties of the solutions. 


In |JJK16| . the quantum group method of |KP14| was applied to formulas for the probability that a 
chordal SLE curve passes through small neighborhoods of given points on the boundary. Solutions were 
given for cases having up to four visited points. In Section]^ we present a solution for arbitrary number 
of visited points, making use of natural representation theoretic mappings to reduce the problem to the 
main results of this article. 


Related questions of random connectivities in planar non-crossing ways appear also in various other 
interesting contexts. Notably, the famous Razumov-Stroganov conjecture has a reformulation in terms 
of probabilities of the different planar connectivities alternatively in a percolation model on a semi¬ 
infinite lattice cylinder, or in a fully packed loop model in a lattice square |RS041 ICSllj . As another 
example, the boundary conditions that enforce the existence of N interfaces connecting 2N boundary 
points can be studied in models of statistical mechanics on random lattices, i.e., in discretized quantum 
gravity. Partition functions of the various connectivities for the Ising model on random lattices have 
been found by matrix model techniques in |EO05| . In both of the above mentioned problems, some 
relations to the present work can be anticipated, since conformal field theory is expected to underlie 
each of the models. Unveiling precise connections to these, however, is left for future research. 


Organization of the article. In Section we give the definition of the quantum group 
summarize needed facts about its representation theory, and present a special case of the “spin chain - 
Coulomb gas correspondence”, which is our main tool in the construction of multiple SLE partition 
functions. Section [^contains the solution of a quantum group reformulation of the problem of multiple 
SLE pure partition functions. In Section with the help of the correspondence of Section this 
solution is translated to the construction of the pure partition functions. We also discuss symmetric 
partition functions relevant for models invariant under cyclic permutations of the marked points, and give 
examples of such symmetric partition functions for the Ising model, Gaussian free field, and percolation. 


Section|^is devoted to the proof of the existence of solutions to the SLE boundary visit problem. Finally, 
in Appendix we include an account of the probabilistic aspects: the classification and construction 
of local multiple SLEs by partition functions, and the role of the requirements (1.2| - (I.4|. 


Acknowledgments. K. K. is supported by the Academy of Finland, and E. P. by Vilho, Yrjo and 
Kalle Vaisala Foundation. During this work, we have benefited from interesting discussions with Steven 
Flores, Clement Hongler, Yacine Ikhlef, Kostya Izyurov, Peter Kleban, Michael Kozdron, Greg Lawler, 
and Jake Simmons. 


2. The quantum group method 


In this section, we present the quantum group method in the form it will be used for the solution of the 
problem (1.2| - (1.4). The method was developed more generally in |KP14| . 


The relevant quantum group is a g-deformation Uq{5l2) of the Lie algebra sl 2 (C), and the deformation 
parameter q is related to k by g = We assume that k S (0,8) \ Q, so that q is not a root of 

unity. The method associates functions of n variables to vectors in a tensor product of n irreducible 
representations of this quantum group. 
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2.1. The quantum group and its representations. Define, for m G 'Z, n G ^>oj the g-integers as 

(2.1) H = ^^ + ... + + gi-™ 

9 — 9“ 

and the q-factorials as [n]! = [n] [n — 1] • • • [2] [1]. 

The quantum group Uq{sl 2 ) is the associative unital algebra over C generated by E,F,K,K~^ subject 
to the relations 

KR-^ = 1 = R-^K, RE = q^ER, RE = q~^FR, 

EE -FE= - (R _ R-^) . 

9 - 9“ 

There is a unique Hopf algebra structure on Uq{sl 2 ) with the coproduct, an algebra homomorphism 

A: Uq{5l2)^llq{5l2)®ltq{sl2), 
given on the generators by the expressions 

(2.2) A{E)= E^R + 1(^E, A{R) = R R, A{F) = F ® 1 + R-^ F. 

The coproduct is used to define a representation structure on the tensor product M' 0 M" of two 
representations M' and M" as follows. When we have 

A{X) = A" G Uq{sl2)<»Uq{sl2) 

i 

and v' G M', v" G M", we set 

X.[v' ® v”) = Y^{X[.v') ® (A".u") G M' (g) M". 

i 

For calculations with tensor products of n representations, one similarly uses the (n — l)-fold coproduct 

= (A 0 id®("-2)) o (A 0 id®("-3)) o ... o (A 0 id) o A, A(") : Uqish) ^ (^^,( 5 ( 2 ))^”. 

The coassociativity (id 0 A) o A = (A 0 id) o A of the coproduct ensures that we may speak of multiple 
tensor products without specifying the positions of parentheses. 

We will use representations M^;, d G Z>o, which can be thought of as g-deformations of the d-dimensional 
irreducible representations of the semisimple Lie algebra s[ 2 (C). In our chosen basis 
of Md, the actions of the generators are 

R.e\^'> = ef> 

F if ^ 7^ d — 1 

■ ' \o if; = d - 1 

E ~ if ^ 7 ^ 0 

' ‘ \o if 1 = 0' 

The representation thus defined is irreducible, see e.g. |KP141 Lemma 2.3]. For simplicity of 
notation, we often omit the superscript reference to the dimension d, and denote the basis vectors 
simply by eo,... ,ed-i. 

Tensor products of these representations decompose to direct sums of irreducibles according to q- 
deformed Clebsch-Gordan formulas, stated for later use in the lemma below. 






Lemma 2.1 (see e.g. |KP14l Lemma 2.4]). Let di, d 2 S consider the representation 

Let m S {0,1,..., min(di, ^ 2 ) — 1}, and denote d = di + d 2 — 1 — 2m. The vector 


(2.3) 


{d\di,d2) 

^0 


where (di,^ 2 ) = Si^+i^^rn x (-1) 


= '^Tl^]t(di,d2) y. 

[di-l-Zij! [d2-l-h]\ 


[Zi]! [di - Ij! [^ 2 ]! [d2 - 1]! (g- 9"^)"*’ 

satisfies = 0 and = qd-i ^ j ^(d,di,d 2 ) ^ highest weight vector of a 

subrepresentation 0 / isomorphic to M^. The subrepresentations corresponding to different d 
span the tensor product which thus has a decomposition 


(2.4) 


Md2 0 Mdj = Mdi+d2-l ® Mdj+d2_3 © • • ■ © M|(i^_d2|+3 ® M|dj_d2| + 1. 


For the subrepresentation C we often use the basis vectors _ pi^^id,di,d 2 )^ 

2.2. Tensor products of two-dimensional irreducibles. For the solution of mnltiple SLE pure 
partition fnnctions, we nse in p artic nlar the two-dimensional representation M 2 and its tensor powers 
M® 2 Ar^ A special case of Lemma 2.1 states that 


I 2 = I''l3 ' 


'i- 


For this tensor product, we select the following basis that respects the decomposition: the singlet 
subspace MiCM 2 ©M 2 is spanned by 

(ei © eo - geo © ei) 


(2.5) 


Ji;2,2) 


'0 


g-g 


by 


(3;2,2) 


and the triplet snbspace M 3 C M 2 

/o (3;2,2) (3;2,2) _i r,.,T 

(2.6) Tg '=eo©eo, rf '=q eo © ei + ei © cq, ’' = [2 Jei©ei. 

More generally, the n-fold tensor product M®” decomposes to a direct sum of irreducibles as follows. 


Lemma 2.2. IFe have, for n € Z>o, a decomposition 

2d 

'2 - 0 


= HH M^ 


where 


^d = 


d 


n-i-d+l ( ^^2 — 

0 


i/n + d—l€2 Z>g and 1 < d < n + 1 
otherwise. 


Proof. A standard proof proceeds by induction on n. Clearly the assertion is trne for n = 0, as Mf ° = 
C = Ml. Assnming the decomposition formula for Mf" and using Eqnation (2.4| we obtain 


M* 




= M 2 © ( : 


An 


I'd' 


= ©■ 


^d' 


(M 


d' + l 


:'-i) ■ 


There are m^^^i + snbrepresentations contributing to M^, giving the recnrsion = 

The solution to this recursion with the initial condition = <5^ 1 is the asserted formula. □ 


We will in particular use the sum of all one-dimensional snbrepresentations. 


(2.7) 


Hi == Hi (Mf2^) = {u G Mf2^ 


E.v = 0, K.v = V 


}■ 


For brevity, the dependence on N is suppressed in the notation Hi. From the lemma above we get that 
the dimension of Hi is a Catalan nnmber 


dim(Hi) = = 


iV + 1 


= Cat. 


2N 

N 
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7 r(r/^’^’^^) = 0 for Z = 0 , 1 , 2 . 


In the decomposition M 2 0 M 2 = M 3 0 Mi, we denote the projection to the singlet subspace by 

tt; M 2 0 M 2 —t M 2 0 M 2 , 7r(s) = s and 

More generally, in the tensor product M®", with n > 2, we denote by nj this projection acting in the 
components j and j + 1 counting from the right, i.e., 

TT, = 0 TT 0 id®(^-i): M®" ^ M®”. 


The one-dimensional irreducible Mi is called the trivial representation — by Lemma 2.1 it is the 
neutral element of the tensor product operation. With the identification Mi = C via s 1 —>■ 1, we denote 
the projection to the trivial subrepresentation of M 2 0 M 2 by 


TT: M2 0 M2 —t 


r(s) = 1 


and 


.(^p; 2 . 2))^0 for/ = 0 , 1 , 2 , 


and similarly 


TTj = 


, id® 0 - 1 ): 


Lemmas |2.3| and |2.4[ and Corollary |2.5| below contain auxiliary results that will be used later on. 

The formulas given in the next lemma are essentially a reformulation of the fact that the projections to 
subrepresentations in tensor powers of M 2 form a Temperley-Lieb algebra. 

Lemma 2.3. The maps n and tt satisfy the following relations. 

(a): We have 7r(v) = 7r(v)s for any v € M 2 0 M 2 . The values of it on the tensor product basis are 
7r(eo 0 eo) = 0, 7r(ei0ei)=O, 

l-g -2 


7r(eo 0 ei) = 


q ^ - q 


[ 2 ] 


(b): On the triple tensor product M 2 

(idMa 0 tt) (s 0 e/) = --j^ e; 0 s, 
and consequently, 

(idMa C) if) (s 0 e;) = ej. 


7f(ei 0 Co) = 
I 2 0 M 2 , we have 


[ 2 ] 


(tt 0 idMa) (e/ 0 s) = --j^ s 0 e/ 


(if 0 idMs) ® hi¬ 


proof. Part (a) follows by straightforward calculations, using Equations (2.51 and (2.6 1 . For (b), one 
applies (a) and (2.5). □ 


The next lemma characterizes the highest dimensional subrepresentation of a tensor power of M 2 . 
Lemma 2.4. The following conditions are equivalent for any v G M®"; 

(a) : itj(v) = 0 for all 1 < j < n. 

(b) : v G M„+i C Mf", where M n+i is the irreducible subrepresentation generated by ea® ■ ■ ■ ® Cq. 


Proof. It is clear by Lemma [2.3[ a) that the highest weight vector Cq 0 • • • 0 eg satisfies (a) above. On 
the other hand, since the projections ttj commute with the action of Uq{sl 2 ), (a) also holds for any other 
vector in M„+i. Hence, (b) implies (a). 

Suppose then that (a) is true. We may assume that K.v = q^~‘^^v for some £ and write 

v= ^ X (e;„ 0 • • • 0 eq). 

ll-\ -h^Tj.^ ^ 
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Using Lemma [ 2 ^ a), we calculate 


0 = TCjl^v) = 


E 


H- \-lj — i-\-ljJ^2'\ - \~ln— 1 


1-q- 

[ 2 ] 




X (ei„ (g) • • • 0 ei-^^ 0 ei._^ 0 • • • 0 e;J 


which gives 


SO fixing the value of Ci_,,, 4 ^o,...,o G C determines the other coefficients recursively. Hence, the space 
^ Pli^i Ker(i4r — is at most one dimensional. On the other hand, we already noticed 

that C ni=i since the subrepresentation intersects all nontrivial if-eigenspaces 

of Mf”, we get that M„+i = P|"“i Ker( 7 rj). Hence, (a) implies (b). □ 


The following consequence will be used in proving uniqueness results. 

Corollary 2.5. If n G Z>o and the vector v G Mf”^ satisfies E.v = 0, K.v = v and itj{v) = 0 for all 
1 < j < n, then u = 0. 


Proof. The conditions E.v = 0 and K.v = v state that v lies in a trivial subrepresentation Mi C M®”. 
On the other hand, by the previous lemma, v G ni=i implies v G M„+i C M®". Combining, 

we get u S Ml n M„+i = { 0 }. □ 


2.3. The spin chain - Coulomb gas correspondence. Our solution to the system ( [r^ - doi is 
based on the following correspondence, which is a particular case of the main results of KP 14| . It 
associates solutions of (1.2) - (1.3) to vectors in the trivial subrepresentation Hi(M 2 ’^'^), which was 
defined in (2.7). We denote below by El = {z € C | 9Tn(z) >0} the upper half-plane, and recall that its 
conformal self-maps are Mobius transformations /r(z) = where a, b, c, d G M. and ad — be > 0. 


Theorem 2.6 (|KPT4]). Let k G (0, 8) \ Q and q = . There exist linear maps T\ Hi(M®^^) -G 

C°°{X2n), for all N G Z>o, such that the following hold for any v G Hi(M®^^). 


(PDE): The function Z = : X 2 N C satisfies the partial differential equations ( |1.2[ ). 

(COV): For any Mobius transformation /x: El —>■ El such that p{xi) < p,{x 2 ) < ■ ■ ■ < fJ-{x 2 N), the 
covariance (1.3) holds for the function Z = E[v\. 

(ASY): For each j = ... , 2A — 1, we have v = T^j{v) G Hi(M®^^^ Denote B = ^^{^-8/^1) 

and h = and let f G {xj-i,Xj^ 2 )- The function : X 2 N C has the asymptotics 


lim 


E[v]{xi,...,X2n) n .r-r-w \ 

._2h = B X A[z;J(Xi, . . .,Xj-i,Xj+2, ■ ■ ■,X2N)- 


(^i+1 Xj') 


Proof. This follows as a special case of Theorem 4.17 and Lemma 3.4 in |KP14| . 


□ 
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iV-1 N N + 1N + 2 2N-1 2N 

Figure 3.1. The rainbow pattern fnl^. 

3. Quantum group solution of the pure partition functions 


In view of Theorem |2.6| the problem of finding the multiple SLE pure partition functions for N curves 
is reduced to finding a certain basis of the trivial subrepresentation More precisely, Equa¬ 


tions (El - El correspond to the following linear system of equations for Va G a € LP: 


(3.1) 

K.Va = Va 

(3.2) 

E.Va = 0 


fo 

(3.3) 

TTjiVa ) = < 


a/b'j'+l] 


if [J J + f] i a 

if + 1] G a 


for all j = 1 ,..., 2 |a| — 1 . 


The first two equations (3.1) - (3.2) state that Va belongs to the trivial subrepresentation Hi 


/|®2|a| 


_ _ )■ 
By the (PDE) and (COV) parts of Theorem 2.6 they correspond to Equations (1.2 1 - (1.31 for a partition 
function 

' 2 'ck (3^1, . . . ,^ 2 |q|) ^ (^ 1 , . . ■ ,^ 2 |a|)' 


Equations (3.3) correspond to the asymptotic conditions (1.4) specified by the link pattern a, by the 


(ASY) part of Theorem 2.6 


The main result of this section is the construction of the solutions Va- 

Theorem 3.1. There exists a unique collection (wa)QgLp of vectors Va G such that the system 

of equations (3.1) - (3.3) holds for all a € LP, with the normalization v% = 1. 


The proof is based on a number of steps achieved in Sections |3.1| - |3.3| which are combined in Section [3^ 
In Section the solutions Va will be converted to the multiple SLE pure partition functions Za with 
the help of Theorem |2.6| 


3.1. Uniqueness of solutions. We will first show that solutions to the system (3.1) - (3.3) are nec¬ 
essarily unique, up to normalization. The corresponding homogeneous system requires v G 


to have vanishing projections 7 rj(v) for each j. Corollary 2.5 shows that the homogeneous problem only 
admits the trivial solution. 


Proposition 3.2. Let (i’a)QgLP (^a)aGLP collections of solutions to (3.1) - (3.3) such that 

V 0 ,Va 7 ^ 0. Then there is a constant c € C \ {0} so that 


= CVn 


for all a G LP. 


Proof. Clearly = cu 0 for some c G C \ {0}. Let Y > 1 and suppose the condition v'^ = cvp holds 
for all P G LPjv-i- Then the equations - ( |3.3[ ) for and cva coincide for each a G LPat, and it 
follows from Corollary 2.5 that v'^ — cVa = 0. The assertion follows by induction on N. □ 


We next proceed with the construction of the solutions to (3.1) - (3.3). From now on, we shall fix the 
normalization by i ;0 = 1 . 
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3.2. Solution for rainbow patterns. We begin with the solution corresponding to a special case, the 
rainbow link pattern defined for TV S N by 


SIat — 


{[MTV], [2:2]^],..., 


e LP 


N, 


illustrated in Figure 3.1 For the rainbow pattern a = Equations (3.1 1 - (3.31 allow us to find 
recursively, as they involve only djv-i their inhomogeneous terms: 

(3.4) (iV-l).u^^=0 

(3.5) = 0 

(3.6) ttn{vu^) = and = 0 for j ^ N. 

To give an explicit expression for the solutions we introduce the following notation. Recall from 
that the tensor product contains the irreducible subrepresentation Mjv+i generated by 


Section 

eo 0 • • • 


2.1 


cq. Denote 

= eo 0 • • • 0 eo e Ma,+i C Mf ^ and for 0 < Z < TV. 

Then {0l^'^)o<i<N is a basis of the subrepresentation Mat+i C M®'^. 

We will prove that the solutions for the rainbow patterns are given by the following formulas. 

Proposition 3.3. The vectors 




[ 2 ] 


N 


N 


(g-2-1)^ [iV + 1]! 




;=o 


for TV G Z>o determine the unique solution to (3.41 - (3.6 1 with vq = 1. 

Below, we record a recursion for the vectors 0 ^^'^, needed in the proof of Proposition 
convention = 0 for Z < 0 and Z > TV. 

Lemma 3.4. The following formulas hold for 0^^^ G Mat+i C Mf^. 


3.3 


We use the 


(a) : 0l^^ = 01^^-^> 0 eo + [Z] 

(b) : 01^'^ = q~^ eo 0 + [Z] ei 0 

Proof. The asserted formulas clearly hold for I = 0. The general case follows by induction on Z, using 
the action of F on a double tensor product from (2.2) and the definition (2.1) of the (/-integers [Z]. □ 


g(Ar-l) 


.(Af-l) 


Proof of Proposition \3.3\ The normalization U 0 = 1 is clear from the asserted formula. Equation (3.4) 
follows directly: each term 0^^'^ 0 is a iV-eigenvector of eigenvalue 1, by the action (2.2) of K on 
Mat+i 0 Mat+i. Similarly, by (2.2), we have 

N 


E-m, = E ^ {E.0f'^ 0 + 0[^^ 0 

/-o 

N-1 

= E +1] + cE) 


q{N) 

) T 


i=0 


where = 


1 


[ 2 ] 


AT 


(g-2 _ l)AT [N + l]\ 

and Equation (3.5) follows from the recursion 
(3.7) 


(- 1 )'?' 


l l(N-l-l) 


_ _„N-2{1+1) (N) 

D+1 — u H ■ 
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When j ^ N, we have = 0 because all the vectors 6 ^^'^ G M^r+i C Mf^ have that property, by 

Lemma |2.4| It remains to calculate the projection TTNi^m )■ Using Lemma 


3.4 


we write 


N 


vm 


^ X 0 eo + <7* ^ [1] 0 ei) (g) (q' ^ Cq g) + [N -1] ei(^ ■ 


1=0 


With the help of Lemma[2.3[a), we calculate 


N _i _ 


(N-i)^^(N-i) ,1-9 ^■21-2N in a(N-i) ^ a(^-i) 


(3.8) 


1^0 

^-1 


A^-Z-1 


[ 2 ] 


[1] or\- 


N-l 


[ 2 ] 


^ (c|^) [N-l]- cWg 2 Z- 2 Ar+i ^ ^ 


(^- 1 ) ® 


/=o 


Using the recursion ( |3.7[ ) for the relation 

[fV - /] + [Z + 1] = [N + 1] 

for the g-integers, and the formula [ 2 ] = q + q~^, we observe that 

[cr [N-l]- [z+1])= cr^\ 


[ 2 ] 

Substituting this to (|3.8|), it follows that 




>9 


N-l 


This concludes the proof. 


□ 


3.3. Solutions for general patterns. Next we introduce a natural partial order and certain tying 
operations on the set LP of link patterns. We will prove auxiliary results of combinatorial nature, in 
order to obtain a recursive procedure for solving the system (3.1) - (3.3) with a general link pattern 
o € LP . 


The partial order on the set LP is inherited from the set W of walks which LP is in bijection with. More 
precisely, W = ljAr>o Wat, where 


Wn = [w : {0,1,..., 2iV} ^ Z>o Wo = Wsat = 0, ]Wt - Wt-i] = 1 for all t = 1,..., 2iv| 


is the set of non-negative walks of 2N steps starting and ending at zero. A walk G Wn associated 

to a link pattern a G LP ^ is defined recursively as 


= 0 and 


+ 1 


if f is a left endpoint of a link in a 
if t is a right endpoint of a link in a. 


and a i—defines a bijection LPat —t Wat. On Wn, there is a natural partial order defined by 
W^W' Wt< W; for alH = 1 ,..., 2 N, 


which induces the partial order on LPat by a ^ a' pp(“) ^ vp(“ ). We observe that the rainbow 

pattern fnl^ G LPat is the unique maximal element in LPat with respect to the above partial order. As 
an example, the partially ordered set LP 4 is depicted in Figure 

For a G LPat, we denote by 

LP^“ = j y LP„ j U {/3 G LPat I/3 ^ a} and LP^“ = LP^“ \ {a} . 

\n<N ) 
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r\ r\ (^r\ 


_ Y _ _ 

r\ r\ r\ r\ r\ r\ 


r\ r\ r\ r\ 





Figure 3.2. The partially ordered set LP 4 . 


Let j G {1,..., 2iV — 1} be fixed. We define the tying operation pj: LP^v —>■ LPa? by 

{ a if [j,j + 1 ] G a 

(a\{b'4i]>b' + 142]}) U [[j,j + l],[li,l2]} if [j,j + l] i a, 

where li and I 2 ar e th e endpoints of the links in a where j and j + 1 are connected to in the latter case 
— see also Figure 3.3 Observe that [j,j + 1] G a if and only if a = . 


The solutions (uQ)agLP will be shown to have a certain property, which is also used for their construction 
recursively down the partially ordered set of link patterns (see Figure |3.2p. A closely related formula for 
connectivity weights was independently observed in |FK15dl Equation (69)]. This key property is the 
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h h i j +1 


Pi 



Figure 3.3. In the tying operation pj, the link pattern a is mapped to by 
cutting the links and [l 2 ,j + 1] and connecting the endpoints so as to form the 

links [j, j + 1] and [h.h]. 



i j +1 j j +1 



j j +1 > j +1 



j j +1 i j +1 


Figure 3.4. The inverse image of the tying operation pj for the link pattern a can 
be found by cutting the link [j, j + 1] in and connecting its endpoints in all possible 
ways to a link lying in the same connected component as [j,j + 1]. In this example, the 
index j is chosen as in Lemma |3.5[i) . 
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equality 

(3.10) Va = [2] {ld-TTj^{VaPj) - y] vp 

/3eLPiv\{a,a*’3} 

P^j = a^3 

whenever a € LPa? and j is such that [li,j], [j + 1, h] G ol with /i < j < j' + 1 < Before turning to 
the construction, we record some combinatorial observations about this setup. 

Lemma 3.5. Fix a G LP^r. The following are equivalent for j S {1,... , 2N — 1}; 


(i) : [h,j], [j + 1 ,^ 2 ] G a with h < j < j + 1 < h- 

(ii) : [j, j + 1] ^ a, and a ^ /3 for all (3 G p~^ 


Moreover, an index j satisfying (i) and (ii) exists if a fnl^, 


and the following properties then hold. 


(a) : If \k — j\ = 1, then there exists a unique (3o G pj ^ {a^^} such that [k,k + 1] G /3o- This /3o 

satisfies l3o/[k, fc + 1] = /[j,j + 1 ]. 

(b) : If \k — j\ > 1 and [k, k + 1] ^ a, then [k, fc + 1] ^ . 

(c) : If \k — j\ > 1 and [k, fc + 1] G a, then the mapping f3 1 -^ /] = ft/[k, k + 1] defines a bisection 


{/3Gp-qa^^} |[fc,fc + i]e/?} ^ p-,^{a«>n. 


where a = a/[k, k + 1 ], and j' = j if k > j and j' = j — 2 if k < j. 


Proof. The equivalence of (i) and (ii) is straightforward from the definition of the partial order. See also 
Figure |3.4| 

For a ^ [nljY, the existence of j satisfying condition (i) is easy to see. For property (a), the desired link 
pattern is /3o = — this is illustrated in Figure [33] Property (b) follows from (i). For property 

(c), the assumption of the presence of the link [k, fc + 1 ] implies that neither j nor j + 1 is connected 
to fc or fc + 1 , so the link [k, k + 1] plays no role in the tying operations: the map is well defined to the 
asserted range, and the inverse map is obvious. □ 


We are now ready to construct the solutions to (3.1) - for all a G LP from the solutions corre¬ 


sponding to the maximal patterns fnl^, given in Proposition 3.3 


Proposition 3.6. Let a G LPjv \ {(Itv}- Suppose that the collection {vp)p^i^p>-a satisfies the sys¬ 
tem (3.1) “ (3.3) and the equations dl .10[ ) for all (3 G LP^“. Then the vector Va G can be defined 

in accordance with Equation (3.10) as 


Va ■■= 


[2] (id-TTj) (n„Pi) - 


vp 


/3GLPjv\{a,a®’'’ } 

' — .vPi 


for any j as in Lemma 3.5 This vector is a solution to (3.1) - (3.3) for a. 


Proof. Choose a j as in Lemma 3.5 By property (ii), the link patterns and (3 needed in the formula 
defining Va satisfy >- a and (3 >- a, and the corresponding vectors Va^i and vp are thus assumed 
given. By assumption, each of these vectors satisfies (3.1) - ( |3.3[ ), so it readily follows that Va also 
satisfies (3.1) and (3.2). It remains to be shown that for any fc € 2N — 1}, the projection Ttk{va) 

gives (3.3). Note that once we have shown that Va satisfies (3.1) - (3.3), it follows from the uniqueness 


argument of Propositi on |3.2| that the constructed vector Va is independent of the choice of j, and thus 
in particular satisfies (3.10). 


We divide the calculations to three separate cases: (i): k = j, (ii): \k — jj = 1 and (iii): \k — j\ > 1. 
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^ r\ 




j j +1 


Figure 3.5. Suppose k = j — 1 and j is chosen as in Lemma 3.5 i). The unique 


Po G Pj ^ {a^^} containing the link [fc, /c + 1] = [k,j] can be found by applying the map 
pfc to the link pattern , as depicted in the figure. Notice also that we clearly have 
l3o/[k,k + l] = /[j,j + 1]. 


Let us start from the easiest case (i): k = j. To establish (3.3l in this case, we need to show TTj{va) = 0. 
Since iTj is a projection, the first term (id — Wj) (v^Pj) in the formula defining Va is annihilated by Hj. 

We have ^j{vp) = 0 also for all the other terms, since [j,j + 1] ^ /3 for /3 S (p“ Ua}) \ {a,a^^}. This 
concludes the case (i). 


Consider then the case (ii): \k — j\ = 1. We need to compute TTk{va) and compare with (3.31. The 
application of on the first term of the formula defining gives 

[2] TTk (id - TT^O {v^pj) = - [2] (tt^ o {v^Pj ) 

since [k,k + l\ ^ . Now, (|3.3|) for gives nj{va^j) = v and we see that the vector 

TTjiv^pj) can be obtained from v G by inserting the singlet vector s G M 2 0 M 2 into 

the j:th and j + l:st tensor positions. Therefore, by Lemma[2.3[b), we obtain 


[ 2 ] TTk(id-Trj"j{VaPj) = -[2] (jTk o nj^iv^Pj) 


a^^/Ud + l]' 


In the sum in the formula defining Va, only the term corresponding to the link pattern /3o of Lemma 3.5 a) 
can survive the projection Wk, as the others do not contain the link [k, k + 1]. Therefore, 




( i: 


/3GLPjv\{a,a‘°J } 
/3*’i = 


= 


if/3o^a 

0 if /3o = a. 
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The patterns fio/[k^ A: + 1] and /[j, J + 1] are the same by Lemma 3.5 |a), and [fc, A: + 1] S a if and 
only if /3o = a. We can therefore combine the above observations and conclude that 


7rfe(Ua) = + ^/3o/[fc.fc+l] ® 

+ ^a/[fc,fe+l] 


if /3o yf a 
if /3o = a. 


This shows (3.31 for a, and concludes the case (ii). 


Finally, consider the case (iii): \k — j\ > 1. We must again calculate Ttk{va). The projections ttj and tt^ 
now commute, and thus the projection of the first term in the defining equation of Va reads 

(3.11) [2] -Kk{id--Kj^{va<pj) = [2] (|id - 7rj)7rfc(t)aPj) 
and the projection TTfc of the second term reads 

(3.12) 7rfc( = Y 

/3GLPAr\{Q,a^‘? } ^GLPiv\{a,a^J } 

, [fc)fc+l]G/3 


/3/[fc,fc+l]' 


Suppose first that [A:, A: + 1] ^ a, in which case we need to show TTk{va) = 0. By Lemma 3.5 T), in this 


case also [A;, A: + 1] ^ , so TTkiv^Pj) = 0 and (3.111 is zero. Also (3.121 is zero because the sum on the 

right hand side of (3.12[) is empty. Thus we indeed have Tti~{vo,) = 0. 


Suppose then that [A:, A: + 1] G a, in which case we need to show TTkiva) = v - -~ . Using the bijection 

Ol / rC, rC ” 1 ” X 


P P := /3/[fc, A: + i] of Lemma 3.5 ’c), we rewrite the summation in ( 3.12[ ) as 

= E = E 

/3GLPN\{a,a‘°l} /3GLPN-i\{a.a*’j'} 

/3Pj =0*=!, [fe.fc+l]G/3 


/3GLPjv\{a,a*’j } 

qPn _ 


Vp. 


In (3.111, we use iTkiva^j) = v^Pj', and combine to obtain 

7rfc(wa) = [2] (id-Try) {v^p,') - Y 


/3GLPjv_i\{«,a*’l'} 
aPi’ - A,Pi' 


By the assumed equality (3.101, this expression is vs,, which is what we wanted to show. This concludes 
the case (iii) and completes the proof. □ 


3.4. Proof of Theorem |3.1[ Uniqueness follows immediately from Proposition |3.2| Proposition |3.3| 
gives the solution for each N G Z>o. From this solution, corresponding to the maximal element fnl^ of 
the partially ordered set LPat, Proposition [3^ allows us to construct the solutions Va for a G LPAr\{[nl 7 v} 
recursively in any order that refines the partial order. □ 


3.5. Basis of the trivial subrepresentation. In this section, consider a fixed JV G N. The trivial 
subrepresentation Hi = Hi(M 2 ’^^), introduced in (2.71, is exactly the solution space of (3.1l - (3.2|. 
The vectors Va satisfying the projection conditions for a G LPAT in fact constitute a basis of this 
subspace, as we will show below in Proposition |3.7K b). For this purpose, we define certain elements ipa 
of the dual space H* = {t/j: Hi —>■ C | t/j is a linear map}, which will be shown to form the dual basis of 
(TTct)aGLPiv The definition and construction are analogous to those of a dual basis of the solution space 


of (1.21 - (1.3) in |FK15a| . and we follow some similar terminology and notation. 


Consider the link pattern 


a= {[ai,6i],...,[aAr,^Af]} G LPat 
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together with an ordering of the links: [oi, &i],..., [oat, We use the convention that aj < bj for all 
j = 1,..., iV, i.e., Uj is the index of the left endpoint of the j:th link. One possible choice of ordering is 
by the left endpoints of the links — the ordering [aJ, , [«Afj b°^] such that < • • • < will 

be used as a reference to which other choices of orderings are compared: for some permutation a € &N 
we have bj = b^^.^ for all j = 1,..., N. 

If ai, 6 i are consecutive indices, bi = oi + 1, then a/[ai,bi\ denotes the link pattern with the first 
link removed. The indices of the other — 1 links [ 02 , 62 ], [oAfi^Ar] are relabeled, so that the 

links of a/[ai, 6 i] are [ 02 ( 1 ), 62 ( 1 )], •••, [aAi(l), 67 v(l)], respectively. Iteratively, if aj{j — l),bj{j — 1) 
are consecutive after removal of j — 1 first links, i.e., bj{j — 1 ) = aj{j — 1 ) + 1 , then the j:th link can 

be removed to obtain a link pattern denoted by a/[ai, 61 ]/• • •/[o^, 6 j]. With relabeling the indices, 
as in Figure 3.6 


the remaining N — j links are denoted by [aj+i(j), bj+iU)], [aJv(j), 6 Ar(j)]- The 
ordering cr is said to be allowable for a if all links of a can be removed in the order a, i.e., if we have 
bj+i{j) = aj+iij) + 1 for all j < N. 

Let a S LPat and let cr S ©Af be an allowable ordering for a. We define the linear map 

(3.13) -^C, := O • • ■ O ^02(1) O ^ai, 

where '■ —)■ are projections in the tensor components aj{j — 1) and aj{j — 

1) + 1 = bj{j — 1), reducing the number of tensorands by two — see Figure 3.6 

We next show that is in fact independent of the choice of allowable ordering a for a, and thus gives 
rise to a well defined linear map 

(3.14) 

for any choice of allowable a = <j{a) G &jv, and that ('>fia)a:^LPiv ^ basis of the dual space H*. 

Proposition 3.7. 

(a): Let a € LPat. For any two allowable orderings a, a' G ©at for a, we have 


Thus, the linear functional Tpa G HJ in (3.141 is well defined. 
(b): For any a, P G LPat we have 


(3.15) 




if P = 01 
if P ¥=0i 


In particular, ('i’Q)(jgLPjv i'f’o‘)aehPN bases of Hi and H*, respectively, and dual to each 
other. 


Proof. Let a, P G LPat, and let a G &n be any allowable ordering for a. Consider ij)^\vp). li P = a, 


then by (3.31 we have ■naAva) = v -—, and recursively, 

I-1 a/[ai,0ij 


l)(^'a) 


= V 


a/[ai,bi\/ — /[aj,bj\ 


For j = N this gives = 1. On the other hand, if /3 ^ a, then for some j we have 

[aj,bj] P, and by (3.3l we then similarly get = 0. Summarizing, Equation (3.15) holds: we 


have independently of the choice of allowable cr. In particular, the value of the operator 

in the linear span of the vectors vp is independent of the choice of allowable cr. Assertion (a) will 
follow by showing that this linear span is actually the whole space Hi. 
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1 2 3 4 5 6 7 

8 9 10 11 12 13 14 

^3 

' 

\ 

1 2 3 4 5 

r 

6 7 8 9 10 11 12 

^2 
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\ 

1 2 3 
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r 

4 5 6 7 8 9 10 

*2 

' 

\ 

1 

N 

2 3 4 5 6 7 8 

^1 

N 

1 2 3 4 5 6 
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N 

12 3 4 

^2 

' 


1 2 




Figure 3.6. The ordering |[3,4], [2, 5], [6, 7], [1, 8], [11,12], [10,13], [9,14]| is allowable 
for a as depicted in the figure. The figure also illustrates the iterated projections 
appearing in the definition of the map ipa. in (3.13), with relabeled indices. 
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In the linear span of the vectors vp, we now set ipa. '■= The collection {'0a)Q,gLPjv linear 

functionals on spanjr;^ | /3 G LP^v} is linearly independent — indeed, any linear relation 


IpP = ^ Calpo 

aGLP„\{^} 


would by (3.151 lead to a contradiction 


1 = -Ippivp) = ^ Cai>a{vp) = ^ Ca6a,p = 0 . 

aGLP„\{/3} aGLP„\{/3} 


2.2 


Since we have dim(Hi) = dim(HJ) = Cjv = #LPjv by Lemma 

of the whole dual space H*, and (?^ct)agLPiv dual basis in Hi. This concludes the proof. 


it follows that {tpa) 


qGLP n 


is a basis 

□ 


4. Multiple SLE partition functions 


In this section, we consider multiple SLE partition functions constructed from the vectors Va of Sectionj^ 
using the correspondence of Theorem |2.6| We give in Section 4.1 the construction and properties of 
the pure partition functions Z^, i.e., solutions to the system (1.21 - (1.41. Section 4.2 contains the 


Theorem 


2.6 


In Section 


4.3 


only rem ainin g part of the proof of the properties, namely the injectivity of the correspondence of 

we consider partition functions that are most commonly relevant for 
these symmetric partition functions are combinations of the pure partition 
|4. 6 1 give examples of symmetric partition functions applicable to a few 


statistical physics models 
functions. Finally, Sections |4.4| 
important lattice models. These are explicit solutions to the partial differential equations at particular 
values of k, and as such, they are relevant to the construction of local multiple SLEs by the results of 
Appendix^ These values of k are rational, and therefore the solutions are not strictly speaking special 
cases of our generic solutions for k G (0, 8) \ Q, but should be obtained via a suitable limiting procedure. 


4.1. Pure partition functions. In this section, we will use the mappings 


given by Theorem 2.6 to construct the pure partition functions (Za)aeLP from the vectors (ua)Q,gLP of 


Theorem |3.1 1 Recall from Theorem |2.6| the following important properties for any vector v in the trivial 
subrepresentation Hi = Hi(Mf’^'^): 


• (PDE) ensures that the function F[v\ is a solution to the PDFs (1.2 l 

• (COV) gives the Mobius covariance (1.3). 


(ASY) enables us to pick solutions of (1.2) - (1.3) with the desired asymptotic properties (1.4). 


We will show in Corollary 4.3 
of Hi given by Proposition 


3.7 


that, for all fV G N, the map F is injective and thus the basis (Ta)o,gLp^ 
b) provides a basis for the solution space .F[Hi] = J^[Hi(M®^'^)] of the 


system (1.2) - (1.3). We normalize this basis by i? where B = ^y( 2 -sJk) -choice of 


normalization is convenient by the (ASY) part of Theorem 2.6 Notice that with our assumption k ^ 
the normalizing constant is finite and non-zero. 

Theorem 4.1. Let k G (0,8) \ Q. The collection of functions 

:= R-I“l F[vo] : T2|„| ^ C 


satisfies the system of equations (1.21 - (1.41 for all a G LP. For any N G Z>o, the collection {Zq,) 


OiGLP N 


is linearly independent and it spans the Cn- dimensional space J^[Hi(M®^^)] of solutions to the sys¬ 
tem (1.2) ~ (1.3). 
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Proof. By Theorem 2.6 since the vectors Va satisfy (3.11 - (3.2), the functions = B 


satisfy (1.2) - (1.3). The asymptotic conditions (1.4) follow from the (ASY) part of Theorem |2.6| by 
the projection conditions (3.3) for the vectors Va- The final assertion of linear independence will be 
established in Proposition 4.2 in the next section. □ 


4.2. Linear independence of the pure partition functions. To show that is a basis of 

the Cw-dimensional solution space we use linear mappings Jfa, closely related to the maps ifa 

from (3.14), defined by iterated limits. We show in Proposition 


4.2 


that (.ifa) 


a^LP N 


is a basis of the dual 


space and that the functions B[va] constitute its dual basis. These iterated limits 

were originally introduced in [FK15a| . where their well-definedness was checked with analysis techniques. 
With the quantum group method of |KP14| and the solutions (uajagLPw! well-definedness on the 
CAT-dimensional solution space .F[Hi] becomes almost immediate. 


Suppose the ordering cr € ©jv is allowable for a € LPat, and let [oi, 5i],..., [uat, ^at] be the corresponding 
links (recall Section 3.5 and Figure [T^ . By the (ASY) part of Theorem |2.6| the following sequence of 
limits exists for any Z = G 


(4.1) ^i’^Hz):= hm 


lim (a:b„ - Xa^) • • • (xfei - Sai) X Z(a;i,... ,a; 2 Ar)- 


Note that each of the limits in (4.1) is independent of the limit point and (4.1) in fact equals 


Bl“fya(u), where ipa - Hi —> C is the linear map introduced in (|3.14[) . In particular, the linear map 


ify := ^ C 


is well defined via Equation (4.1), independently of the choice of allowable ordering a for a. 


Proposition 4.2. The collection (-S^a)Q,gLPjv ® basis of the dual space and we have 

^a(2/3) = ^a./3 = 

In particular, is a basis of the Cn- dimensional solution space 


if 13 = a 
if (3^ a 


In |FK15d| . “connectivity weights” are defined as the dual basis of the iterated limits so by this 
proposition they coincide with our pure partition functions. Explicit expressions for the connectivity 
weights for = 2, 3,4 were studied further in |FSK15| . and a formula |FSK15I Equation (56)] for the 
connectivity weight of the rainbow pattern (see Proposition 3.3) was obtained for general N. 


Proof of Proposition \4 S\ The assertion follows directly from Proposition |3.7| because we have Za = 
J-[va\ by definition, and hence, .^a{Zp) = = 5a,p- Cl 


As a corollary, we get the injectivity of the “spin chain - Coulomb gas correspondence” F. 
Corollary 4.3. For any N G Z>o, the mapping F: Hi(Mf’^'^) —>■ C°°{X 2 n) is injective. 


Proof. By Proposition 
dent, because Za = B'B 


4.2 the images of the basis vectors Va of Hi(M®^'^) are linearly indepen- 

are. Injectivity of F follows by linearity. □ 
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4.3. Symmetric partition functions and entire curve domain Markov property. In this section, 
we study partition functions relevant for statistical mechanics models admitting a cyclic permutation 
symmetry of the marked points on the boundary. Examples of such models are critical percolation, the 
Ising model at criticality, and the discrete Gaussian free field, with suitable boundary conditions. 


The symmetric partition functions are combinations of the extremal, pure partition functions Z^^, 
and this combination encodes information about the crossing probabilities of the model. Formulas for 

Z{N) 

are in fact often easier to find than those for Za- Explicit formulas for crossing probabilities, 
however, require the knowledge of the pure partition functions as well. 


The functions Z^^'> should satisfy the conditions of Theorem A.4 a), in particular. Equations (1.21 and 


(1.3l. The asymptotics requirement (11.41) is replaced by the cascade property 


(4.2) 


lim 


—--- >{Xi,...,Xj-1,Xj+2,---,X2n) 

\Xj+l Xj) 


for any j = 1,..., 2N — 1. This expresses the fact that the partition function of the model with 2N 
boundary changes reduces to that with 2N — 2 boundary changes as any two marked points are merged. 
In view of Proposition |A.6[ in this limit the other curves do not feel the merged marked points, and they 
have the law of the symmetric {N — 1)-SLE. Roughly, this should be interpreted as a domain Markov 
property with respect to one entire curve of the multiple SLE. 


By our correspondence. Theorem 2.6 such symmetric partition functions Z^^'> can be constructed as 

Z{N) 

oc from vectors G satisfying the following system of equations: 


(4.3) 

K,vW = y(N) 



(4.4) 

= 0 



(4.5) 


for all j = 1,. 

..,2N-1 


In the quantum group setting, we have a unique solution for this system when the normalization is fixed. 
Theorem 4.4. There exists a unique collection of vectors in such that = 1 and 


the system of equations (4.31 


(4.51 hold for all N G Z>o. The vectors are given by 


Proof. Applying Corollary |2.5| to the difference of two solutions gives uniqueness, as in the proof of 
Proposition 13.2| It remains to check that the asserted formula satisfies (4.31 - (4.5). Equations (4.31 - 


LPjv [j,j 

-h 1] G Q^l' — y LPty- 

_i defined 


M 

p 

II 

y - 


aGLP^T^ 




[ij+i]6a 

..,2N-1. 

This concludes the proof. 




= v& = V 

aGhP N-i 


(N-l) 


Theorem 4.5. Let k G (0,8) \ Q. The collection (-2^*'’^^)7 vgz> of functions 


Z^^'> := y] : X2n ^ C 

ckGLP n 


□ 


satisfies the partial differential equations (1.2|, covariance (1.3l, and cascade property (4.2|. Moreover, 
it is uniquely determined by these conditions, the normalization Z^^^ = 1, and the property that for each 
N G Z>o, the function Z^^'^ lies in the Cn- dimensional solution space. 
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Proof. B y de finition, Z^^'> = B ^ so (1.2 1 

Theorem 


2.6 


and the properties 


(1.31 follow from the (PDE) and (COV) parts of 
|4.4| of the vectors The cascade property (| 4.2[ ) follows 

Uniqueness 

□ 


from the (ASY) part of Theorem 2.6|and the corresponding property (4.5) for 
follows from the uniqueness in Tneorem |4.4| and injectivity of J- given by Corollary |4.3 


AfGZ>o’ 


4.4. Example: Symmetric partition function for the Ising model. The Ising model was initially 
introduced as a model of ferromagnetic material, but its simple and generic interactions make it appli¬ 
cable to a variety of phenomena that have positive correlations. The two-dimensional Ising model has 
remarkably subtle behavior at the critical point, where a transition from ferromagnetic to paramagnetic 
phase takes place |MW73| . Critical Ising model in particular displays conformal invariance properties in 
the scaling limit |Smi06l IHS13I ICHI15| . In recent research, the Ising model has been studied in terms of 
interfaces, whose scaling limits at criticality are SLE type curves with k = 3 |HK13l ICDCH~*~1^ |Izyl 6 | . 

Alternating boundary conditions between 2N marked points on the boundary give rise to N random 
interfaces (see Figure O- The partition function of the critical Ising model with such boundary 
conditions in the upper half-plane H = {z S C | Q'm(z) > 0} is the following Pfafhan expression 

(4.6) T-r 1 


> X2n) = sgn(^) ( n 


Xb - Xa 


V {a,b}eV 

where the sum is over partitions V = {{ai,bi} ,..., {un, ^at}} of the set {!,..., 2N} into N disjoint 
two-element subsets {ak, b^} C {!,..., 2N}, and sgn(V) is the sign of the pair partition V defined as 
the sign of the product (Q(a — c)(a — d)(b — c)(b — d) over pairs of distinct elements {o, b} , {c, d} G V, 
and by convention we always use the choice a < 6 in the products. 

We now show that the above Pfaffians are symmetric partition functions for multiple SLEs with k = 3. 


Proposition 4.6. The functions ^ satisfy (1.2), (1.3) and (4.2), with k = 3 and h = 


The verification of the Mobius covariance property (1.3) on the upper half-plane El relies on the following 


lemma. It will also be used later on for explicit partition functions for other models. 
Lemma 4.7. Suppose that p: El —)■ El is conformal. Then for any z,w G M. we have 

fi{z) - fi{w) 


y/p,'{z)y/p'{w). 


Proof. The conformal self-map p, of El is a Mobius transformation, /i(z) = with a, b,c,d G K, and 


ad — be > 0. Without loss of generality we take ad — be = 1. Then a branch of the square root of the 
derivative is defined by (and the assertion does not depend on the choice of branch). By 

a direct calculation, we get that both and ^p'(z)^p!(vS) are equal to {{cz+d){cw + d)) ^. □ 


Proof of Proposition \4 (!\ For ^: El —; 

n — 

. . Xb — X 

{a,b}<^V 

AN) 


I, Lemma 4.7 gives for each term of ( |4.6[ ) the equality 

2N 




{a,b}ev 


1 

p{xb) - P^XaY 


which implies ([^, i.e., .. .,X 2 n) = lfi=i p!{x^Yl'^ x .. .,pix 2 N))- 


For the cascade property (4.2), consider the limit Xj,Xj+i —^ of {xj+i — Xj) x The prefactor 


{xj+i — Xj) ensures that the terms in (4.6) corresponding to pair partitions V that do not contain the 
pair {j,j -|- 1} vanish in the limit. For the terms for which the pair partition V contains {j,j -I- 1}, we 
note that the prefactor (xjj-i — Xj) cancels the factor y—j^ry, and that removing the pair {j,j -|- 1} 
from V does not affect sgn(P). We get the desired property 

lim [xj+i - Xj) X 2^ig^„g(2;i, ■ • •, X2n) = , Xj-i,Xj+ 2 , . •., X2n)- 
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It remains to show that satisfies the partial differential equations (1.21, with k = 3 and h = |, i.e., 


that = I ^ 




a 


Xj — Xi dxj (xj — Xi)' 


r'j annihilate By symmetry, it suffices to consider 


i = 1. The action of on gives 




lT 2 ^ 


(xi-XiO^ f^^\{Xj-Xi){Xj-Xj>) (Xj-Xi) 



n 

{o.btG-P 


Xb - Xa 


where we denote by j' = j'{V) the pair of j in the pair partition V. For fixed V, the term 
cancels with the term j = 1' in the sum. The other terms in the sum over j ^ 1 can be combined 
pairwise according to the pairs {c,d} G V \ {{1,1'}} as 


1 


{Xc- Xi){Xc- Xd) (xc-xi)'^ 


+ 


(Xc - XdY 


[xd- Xx){Xd- X^ ixd-Xi)‘^l (Xc- Xi)'^(xd- Xi)'^' 


Thus, the claim that = 0 is reduced to the claim that the rational function 


(4.7) 


Q{xi,...,X2n) = '^sgn{V)i 


E 


{Xc - XdY 


V{a bE i.^c-X,Y{Xd-X,y 


is identically zero. To show this, we proceed by induction on N. For N = 1, the sum over {j, j'} is 
empty and therefore zero. Assume then that Q{yi ,..., y 2 N- 2 ) = 0, and consider Q(xi ^..., X 2 n)- 


We decompose the sum (4.71 into two sums according to whether V contains the pair {1,27V} or not. 


If V contains {1,27V}, we remove it and denote by P, = 7^ \ {{1,27V}} the resulting pair partition of 
{2,..., 27V — 1}. Note that sgn(7^,) = sgn(7^). We also extract the corresponding term —h_ from the 


product in (4.7). The sum of the terms in in for which V contains {1, 27V} can thus be written as 


(4.8) 


X2N — Xi 


J2sgn{r,)( n 


E 


V. 


Xh — x„ , 

{a,b}&V, / {c,d}&V, 


{Xc - Xd)'^ 

{Xc - Xi)'^{xd - Xi)^’ 


If V does not contain {1,27V}, then we have {p, 27V} G V for some p = 2,..., 27V — 1. Denote by 
Vp = V \ {{p, 27V}} the pair partition of {1,..., 27V — 1} \ {p} obtained by removing this pair. Note 


that sgn(7^p) = (—1)^ ^ sgn(7^). For each p, we write the sum in (4.71 over terms {c, d} yf {p, 27V} as 


(4.9) izllTT J] 1 

X2N -Xp ^ 


E 


{Xc - XdY 


. {a,h}G'Pp 




By the induction hypothesis, the expression (4.9) is zero. The remaining terms in (4.7) have {c, d} = 
{p, 27V}, and they add up to 


2N-1 


(«o) 2 n ‘ 


' {tiiblCPp 


Xb - Xa 


We will finish the proof by showing that (4.10) cancels (4.8). 


For each p = 2,..., 27V — 1 there is a bijection V, i—> Vp from the set of pair partitions of {2,..., 27V — 1} 
to those of {1,... ,27V — 1} \ {p} obtained by replacing the pair {p,p'} G V, by the pair {l,p'}. Note 
that sgn(7^p) = (-l)Psgn(p' -p)sgn(7^,). 



































26 


We can now write ( 4.10[ ) as follows (recall that in the products we choose a < b): 

1 \ (xpi - Xp) X sgn(p' - p) 


2N-1 


^ sgn(p--p).g„(P.)( n 


p=2 

-1 


V. 


. {a,b}GP. 


Xb - Xa 


Xp' — Xi 


{x2n - a:i)2 


^sgn(7^.) n 


2Ar-l 


V. 


■.{a,b}ev. 


{X2N ^p) (^p^ ^p) 

Xb-Xaj {Xp- XiY {Xp! - Xi)' 


E 

p=2 


We combine the terms p = c and p = d, for {c,d} € V,, to simplify the last sum over p as 


2Af-l 

E 


{x 2N - Xp) {Xp! - Xp) 

{Xp - {Xp' - Xi) 


= {x 2N - Xi)x ^ 


{Xc - Xdf 


{Xc - XiY{Xd - Xi)"^' 


p=2 '■ f {c,d}(iV. 

Plugging this in the previous formula, we see that (4.101 equals —1 times (4.8). This shows that 
satisfies the PDEs (1.2), and concludes the proof. □ 


4.5. Example: Symmetric partition function for the Gaussian free field. The Gaussian free 
field (GFF) is the probabilistic equivalent of free massless boson in quantum field theory. It is defined, 
roughly, as the Gaussian process in the domain, whose mean is the harmonic interpolation of the 
boundary values of the field, and whose covariance is Green’s function for the Laplacian. For more 
details, see |She07l IWerldj . The level lines of the GFF, appropriately defined, are SLF type curves with 
K = 4, see |Dub09l IMS12al ISS131 IIK13| . The corresponding lattice model is the discrete Gaussian free 
field, and its level line converges to SLF 4 in the scaling limit |SS09| . 

The level lines of the discrete GFF in fact tend to discontinuity lines of the continuum GFF, with a 
specific discontinuity 2A, see |SS09| for details. Very natural boundary conditions for the GFF, which 
give rise to N such curves, are obtained by alternating +A and —A on boundary segments between 27V 
marked points. 


The (regularized) GFF partition function with these boundary conditions in the upper half-plane El is 

l<k<l<2N 

This formula also appears in |KW11| as a scaling limit of double-dimer partition functions. We show 
below that these are symmetric partition functions for multiple SLFs with k = 4. 


Proposition 4.8. 


The functions ( Z, 


AN) 

-"GFF 


N£Z>o 


satisfy (1.2 1 ^ (1.31 and (4.2 1 , with k = A and h = 


1 

4 ' 


Proof. The Mobius covariance property (1.31 of is shown using Lemma 


4.7 


• • • ? M(^ 2 Ar)) 

•^GFF (^ 1 7 ■ ■ ■ 5 ^2N ) 


n ( 




l<k<l<2N 


Xl - Xk 




n {A'{xi)p'{xk)) 

l<k<l<2N 


we calculate 

J(-i)'"'' 


For each j = 1,..., 2N, the product has 27V — 1 factors which contain the variable Xj, of which TV are 
raised to power — ^ and TV — 1 to power -|-|, so the correct factor fi'{xj)~^^'^ remains after cancellations. 


For the cascade property (4.2), consider the limit Xj,Xj+i —t ^ of (xj+i — Xj)i x Z^p. The pref¬ 
actor {xj+i — Xj)^ directly cancels one factor in the product, and the factors \xj — Xi 
l^j+i — Xi\^^ cancel in the limit. We get the desired property 


i(-iV 


and 


lim (ajj+i - Xj)^^ X Z^l,(xi,.. .,X2 n) = Z^p^\xi,.. .,Xj-i,Xj+ 2 , ■ ■ .,X2n)- 
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AN) 

'GFF 

i.e, that 2 ^ + - 

(4.11) 


It remains to show that -Zqpf satisfies the partial differential equations (1.2 1 , with k = 4 and ft, = 1, 




2{xj-Xi)^ 

(AT) 


annihilate The terms with derivatives read 


^ "-GFF * 


E 


i(-l)'=-^' 


^ {Xj - XiY ^ {Xj - X^){Xk - Xi) ’ 
GFF 3^1 


k^id 


(4.12) 


E: 

1 /* 


d -p-W 
dxj ^GFF 

AN) 
■'GFF 


= E 

kAj 




(- 1 ) 


{xj - Xi){Xj - Xk) ' 


The first term of (4.111 is canceled by the case fc = i in (4.121 together with the term Yj^i 2 {x -x )‘^ 
without derivatives. In the case fc ^ i in (4.12), combine the terms where j and k are interchanged, as 

1 


1 


-1 


{Xj - Xi){Xj - Xk) {Xk- Xi){Xk- Xj) {Xj - Xi){Xk - Xi)' 

These exactly cancel the second term of (|4.11|. This concludes the proof. 


□ 


4.6. Example: Symmetric partition function for percolation. Percolation is a simple model 
of statistical mechanics, where different spacial locations are declared open or closed, independently, 
and one studies connectivity along open locations, see e.g. |Gri99| . There is a phase transition in 
the parameter p which determines the probability for locations to be declared open. At the critical 
point p = Pc where the phase transition takes place, a conformally invariant scaling limit is expected. 
Conformal invariance of crossing probabilities, originally predicted by the celebrated Cardy’s formula 
|Ca,r 88 | . was established in |Smi01| for critical site percolation on the triangular lattice. 

Connectivities can be formulated in terms of an exploration process, which is a curve bounding a 
connected component of open locations |SchOO| . At criticality, this curve should tend to SLE^ with 
K = 6. This was also proven for the triangular lattice site percolation in ISmiOllICNOTl . 

The partition function for percolation, even with boundary conditions, is trivial, 

'^perco(^l; ■ ■ ■ : ^2 n ) 1- 

These constant functions are also symmetric partition functions for multiple SLEs with k = 6 . 


Proposition 4.9. The functions (Zp^co) satisfy (1.2), (1.3) and (4.2), with k = 6 and ft = 0. 


Proof. All of the asserted properties are very easy to check. 


□ 


Despite the fact that the symmetric partition functions are trivial (constant functions), there are inter¬ 
esting and difficult questions about the partition functions of multiple SLEs at /c = 6 which are relevant 
for percolation. For the case N = 2, the pure partition functions are given by Cardy’s formula, and for 
higher N they encode more general and complicated crossing probabilities |Dub06LlFZ^ . 


5. SLE BOUNDARY VISITS 


In this section, we show how the results of the previous sections can be used to construct solutions 
to another problem, related to chordal SLE boundary visit amplitudes, considered in |,I,IK16| . The 
boundary visit amplitudes are functions indexed by the order oj of visits, and these functions are 
constructed by the “spin chain - Coulomb gas correspondence” from vectors in a manner similar 
to how the pure partition functions Za are constructed from the vectors Va in Section ^ The desired 
properties of the functions (given in Figures 5.1 ~ 5.3) follow by requiring certain properties of the 
vectors — see [KP141 |JJK16| for details. The properties required of the vectors 0 ^ are given below 
in (5.2) - (5.5). They are known to uniquely specify The solution to these properties, however, has 
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ys Vi y 2 yi X 2/3 2/6 2/7 


Figure 5.1. A schematic illustration of the chordal SLE curve in the upper half-plane, 
visiting neighborhoods of given points on the boundary. The curve starts at x, and the 
visited points i/i,. ■., 2 /Af' numbered in the order of the visits, as depicted in the 
figure. The boundary visit amplitude C,ui = C<^{x;yi,y 2 -, ■ ■ ■ ,yN') is a function of these 
A^' -I- 1 variables. It satisfies the covariance 

Cu,{x;yi,...,yN') = Cc^(Xx + a; Xyi +a,...,XyN' + cr) 


for all A > 0, tJ S K, and the following partial differential equations: 


92 


- -C 


.dx^ K 


9^ _ A . AjArO) 

dy^ K dyj 


Cujix;yi,...,yN') =0 

Coj{x;yi,...,yN') = 0 


-3 


for j = 1,..., N' , where 


= 


N' 


rW ^ 9 8 /k- 1 

^^\yk-xdyk {vk-xY 


-1 d 3/K-1/2 


rij) _ 
^-3 — 


-yjdx {x-yjY 
— 1 d 6 /k — 1 


(x - yjY 9x (x - yjY 


kXj 

E 


-1 d 8 /k-1 


Vk - yj 9yk {yk -VjY 
-1 d ^ 16/ft:-2 


{yk-yjY9yk ivk-yjY 


not previously been shown to exist in general. The main result of this section is a constructive proof of 
existence, starting from the solution to the multiple SLE pure partition function problem. 


5.1. Quantum group solution for the boundary visit amplitudes. For the total number iV' G N 
of points to be visited by the chordal SLE, an order of visits is a sequence 

OJ = (wi, . . . , WJV') S { —, -|-} 


of A^' ±-symbols, where the symbol u>j = — or u>j = + indicates that the j:th point to be visited is 
on the left or right of the starting point, respectively. Denote by L = L(aj) = # {j | = —} and 
E = R{uj) = # {j I ujj = -|-} the total numbers of visits on the left and right. The set of all orders of 
visits to a fixed number N' of points is denoted by VOat' = {—,+}^ , and the set of all visit orders 
with any number of points by VO = (jAr'eN 


We seek vectors in the tensor product representation of Uq{sl 2 ), 

(5.1) M Ma 0 

where M 2 and M 3 are the two and three dimensional irreducible representations defined in Section 2.1 


The requirements for 0 ,^ are expressed in terms of projections to subrepresentations. Recall from 
Lemma [2TT| that M 3 0 M 2 = M 2 © M 4 and M 2 © M 3 = M 2 © M 4 . We consider the projections to the two 
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dimensional subrepresentations. To identify the images with M 2 , we use T( 


(2;2,3) 


and 


,(2;3.2) 


from (2.3 I 


as the highest weight vectors, and thus define projections composed with this identification as 

^(2;2.3) . M 3 0 M 2 ^ M 2 , ^( 2 ; 2 . 3 )(^p; 2 . 3 )^ ^ ^( 2 )^ 

7 r( 2 ; 3 ’ 2 ). M 20 M 3 ^ M 2 , ^( 2 ; 3 . 2 )(-^p; 3 . 2 )^ ^ ^( 2 ) for z = 0,1. 


We let these projections act at the natural positions in the tensor product ( |5.1[ ), and define 

: Mf-^ 0 M 2 0 Mf-^ ^ Mf^-^ 0 M 2 0 Mf-^, 


02) ^id®ii-l0 ~(2;2.3)^ij®L^ 










,( 2 ) 


= id' 


0 R , 


r(2;3.2)^ij®i-l^ 


Also, by Lemma [2.1[ we have M 3 0 M 3 = Mi © M 3 © M 5 , and we consider the projections to one and 


three dimensional subrepresentations. To identify the images with Mi = C and M 3 , we use Tq 
Tq 3’3’3) from (2.31 as the highest weight vectors, and define 

= 1 , 


(1;3.3) 


and 


: M 3 


) = ej 


(3) 


for Z = 0,1, 2. 


13 ^C, 

7 r( 3 ): M 3 0 M 3 ^ M 3 , fi.( 3 )(^p; 3 . 3 ) 

We let these projections act at various positions in the tensor product (5.1 1 , and define 

.(3) 


^(3) 

+ ;m 

f(3) 

— ;m 

f(i) 

+ ;m 

Ai) 


Mf^( 
Mf'^0 M 
Mf^0 M 
Mf'^0 M 


Mf^“^ 0 




/\(^L 


l\f^ ( 


/\(^L 


/\(^R , 


) Mf^, 

/|0L-2 


m— 1 


Td 0 id®-^, 


0 ^(3) ^ 

2 09 IVI3 —?■ 1VI3 IX) 1VI2 IX) ivif'^”^, = id®^ 0 id 0 id®'"”^ 0 0 id®'^“™“^, 

Mf-^ ^ Mf^”^ 0 M 2 0 Mf^, 0 7f(3) 0 id®™“^ 0 id 0 id®-^, 

(1) _ ^ id 0 id®—1 © 0 id®^—1. 


TTl.'^ = id* 


For any visiting order oj G VOjv' with given L and R, the vector 0 ^ is required to be a highest weight 
vector of a two dimensional subrepresentation of the tensor product (5.1 1 , i.e., to lie in the subspace 

H 2 (M®^ 0 M 2 0 M®-^) = |u G M®^ 0 M 2 0 M®^ E.v = 0, K.v = guj . 

The other conditions depend on the order oj. We say that the m:th and m + l:st points on the right 
are successively visited if the m:th and m + l:st ©-symbols in the sequence w = (wi,..., wjv') are 
not separated by any —symbols. More formally, this means that there exists an index j such that 
(jjj = Wj+i = + and ^ G {1,..., j} uii = +| = m. The visiting order obtained from uj by collapsing 

these successive visits is denoted below by a) = (wi,... ,ujj-i,ujj+i,... ,ujn')- We define successive visits 
on the left similarly. The requirements for 0 ;^ are the following: 


• The vector 0 ;^ is a highest weight vector of a doublet subrepresentation, 

(5.2) K.X>u,=qVu,, E.X),^=0. 

• Depending on whether the TO:th and m + l:st points on the right are successively visited or not, 
we have, for e = +, 


0 in the case of non-successive visits 

C 3 X in the case of successive visits. 


(5.3) 


(5.4) 



^ . . . ... [ 21 ^ 

where w is the order obtained from w by collapsing these successive visits, and C 3 = is 

a non-zero constant. For the m-.th and m + l:st points on the left, we require (5.31 - (5.4| for 

e = —. See also Figure |5^ 













y5 Vi 


2/2 


2/1 


2/3 


2/6 


2/7 


|2/4 - 2/5I 0 



Figure 5.2. Collapsing one of two close-by successively visited points yj,yj+i on the 
same side. This figure illustrates the conditions (5.31 - (5.41 for the vector in the 


case of successive visits, which guarantee the following asymptotics of the boundary 
visit amplitude 

lim \yj+i - yj\^(^{x;yi,... ,yN') = Cg x Cc:ix,yi,... ,yj-i,^,yj+ 2 , ■ ■ ■ ,yN') 

s/j.s/i+i-*-? 

for a non-zero constant Cg. On the other hand, for non-successively visited consecutive 
points on the same side, the corresponding limit is zero, as follows from (5.31 - (5.4|. 


In the example depicted in this figure, the collapsed visits 1 / 4 , 1/5 are the third and fourth 
visits on the left, i.e., in the notation of (5.31 - (5.4) we have j = 4 and m = 3, e = —1. 


• Let wi = ± denote the side of the first visit, and = —oji the opposite side. Then we have 

(5.5) = C 2 X Vcj 

= 0 , 

where 0 = ( 012 , wg,... ,a;Ar') is the order obtai ned from w by collapsing the first visit, and 
f2l ^ 

C 2 = ^ is a non-zero constant. See also Figure 


5.3 


Our main result in the quantum group setup of the boundary visit problem is the existence of solutions 


to the system (5.2) - (5.5) and their uniqueness up to normalization. The proof is based on a number 


of observations made in Section 15.31 which are combined in Section 15.5 


Theorem 5.1. There exists a unique collection (Dw),^gvo of vectors 0;^ G O M 2 O such 

that the system of equations (5.2) - (5.5) holds for alluj G VO, with the normalization ti|jv'=o = cq S M 2 . 
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Vb Vi y2 2/1 X 1/3 1/6 2/7 


X - 1/11 0 



Figure 5.3. Collapsing the first visited point yi. This figure illustrates the condi¬ 
tions (5.5) for the vector which guarantee the following asymptotics of the boundary 
visit amplitude for the first visited point yi, we have 

lim \yi - x\^ Cu,{x;yi,... ,y]v') = C 2 X (^{x , y 2 , ■ ■ ■, 2/iv') 

yi ,x—¥x' 

for a non-zero constant C 2 , and for the first point yu on the opposite side, 

lim |i/fc - a;|^Ct.^(a:;i/i,... ,i/Ar/) = 0. 

yk,x^x' 

In the example depicted in this figure, the first visit takes place on the left side, i.e., in 
the notation of (5.51, we have wi = —. Also, the first point on the right is the third one 
visited, i.e., in the limit equation above one should take fc = 3. 


As a corollary, we obtain the existence of solutions to SLE boundary visit amplitudes for any number 
of visited points. For this one applies a slightly different “spin chain - Coulomb gas correspondence” !F 
from 0 M 2 0 M®^) to functions of L -|- i? -|- 1 variables — see |KP141 |JJK16| for details. 

Theorem 5.2. The collection (Ctij)a;GVO of functions satisfies the system of partial differen¬ 

tial equations, covariance, and boundary conditions required in |.T.TK1fi| . that is, the equations given in 
Figures \5ff\ \5.^ and \5.S\ 


Proof. Since the vectors 0 ^^ satisfy (5.2), the functions satisfy the PDEs and covariance given 

in Figure 5.1 by the (PDE) and (COV) parts of |KP14I Theorem 4.17]. The asymptotic conditions of 

by the (ASY) 

□ 


Figures 
part of 


5.2 


and 1 5.3 1 follow from the projection conditions (5.3) - (5.5) for the vectors 0 ,^ 


KP14I Theorem 4.17]. 


5.2. Link patterns associated to visiting orders. In Section ]5T3| we construct solutions to the 
system (5.2) - (5.5). For a given visiting order w, the vector 0 ^^ will be built from a vector Va of 
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Theorem 3.1 with an appropriately chosen link pattern a = a(uj). The mapping 
(5.6) uj I—)■ Qf(w), VOjv' —> LPat, 

where N = N' + 1 = R{uj) + L{uj) + 1, associates to each visiting order uj = (wi,..., ujn') & VOn' a link 
pattern a(a;) € LPjv as illustrated and explained in Figure 5.4 and defined in detail below. 


Let u! G VOjv' and let N = JV'+l and L — L{uj). Then a = a{uj) contains the N links [oi, 6 i],..., [ajv, 5jv], 
whose indices are defined recursively as follows. The index oi = 2L +1 corresponds to the starting point 
X, and 6 i = oi + wi corresponds to entering the first visited point yi. For j = 2,..., N' + 1, the index 
ttj = hj-i + ujj-i corresponds to exiting the point Vj-i- Also, for j = 2 ,... ,N', the index bj corre¬ 
sponds to entering the point yj: if ujj = -|- then bj = max{oi, 02 ,..., Uj-i} + 1 , and if ojj = — then 
bj = min {oi, 02 ,..., a^-i} — 1. Finally, we also set bf^ = 2N, which corresponds to entering an auxiliary 
point 2/00 — see Figure 5.4 It is straightforward to check that this defines a link pattern a = a(uj). 


Remark 5.3. Recall that the projection conditions (5.3l - (5.5) are written in terms of a visiting order to 


obtained from uj by collapsing two successive visits into one, or collapsing the first visit with the starting 


point. From the definition of the map a 1 —)■ 0 ( 0 ;) of (5.6), it is easy to see that a = a{Lj) is obtained 


from a = a{uj) by removing one link. More precisely, in the notation used in the above definition, the 


two cases are the following. For the case (5.5) of collapsing the first visit, we have 


W = (W 2 , W 3 , . . .,UJN') 


and 


a(a)) = a{uj)/[ai,bi], 


see also Figure 5.5 For the case (5.3) of collapsing the m:th and m + l:st visit on the right, we have 


(h = {LJi,...,ujj-i,ujj+i,...,uJN') and a(a)) = a^uj)/[aj+i,bj+i], 

where the index j is such that ujj = ujj+i = -I- and ff ^i G {1, ■ ■. ,j} uJi = +| = rn. For the case of 
m:th and m + l:st visit on the left instead, the choice of j is modified accordingly. See also FigurefS^ 


and from (|2.3|). We thus define 


for I = 0 , 1 , 2 , 


5.3. Construction of solutions. Recall from Lemma [2.1 [ that M 2 0 M 2 = Mi © M 3 . In this section, 
we use projections to these two irreducible subrepresentations. We identify the subrepresentations with 
M 3 and Ml = C by using the highest weight vectors Tq 
projections composed with the identifications as 

: M2 © M2 —t M3, 

: M 2 © M 2 —t C, 7r^^^(rQ^’^’^^) =1. 

We trust that no confusion arises, although the notation coincides with that introduced in Sec¬ 
tion [5^ since the two projections are defined on different spaces. We also denote by 

: M3 M2 © M2 

the embedding of the three dimensional subrepresentation into the tensor product M 2 © M 2 such that 
i(3)(ef)) = and thus, ^(3) o i(3) = id. 


Given a visiting order uj G YOn' with L{uj) = L and R{uj) = R, the vector 0 ,.^ satisfying (|5.2|) - (5.5) 


will be constructed from the vector Va(ui) £ Hi(M®^^). The construction, 0 ^^ = Rj.(pL.Riva(ui))): is 
summarized in the following diagram: 




Pi.i? 


M2 © Mf^© M2 © Mf^) —H2 (Mf^© M2© Mf^) 


i(w) 


Pi.i? 


R+ 
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10 11 12 13 14 15 16 


Figure 5.4. The mapping w i—)■ a(a;) of (5.6 1 can be described as follows. Think of 


the visiting orders as planar connectivities of + 1 points, where small neighborhoods 
of the visited points yj have two lines attached to them, the starting point x has one line 
attached, and every line is connected to another line so that no lines of the same point 
are connected (no loops). We open up the connectivity corresponding to the visiting 
order w: replace the points yj having two lines attached by two points, each having just 
one line attached. After this procedure, there will be one leftover line, attached to the 
last visited point (i.e. one of the two points by which we replaced the last visited point). 
We add a point y^o to the right side of all other points, and connect the leftover line to 
this point. Finally, we label the endpoints of the links from left to right appropriately, 
to correspond with the labels of the endpoints of a link pattern a(a;) in LPjv. 
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Figure 5.5. Collapsing the first visited point: the effect on the link pattern a{uj). In 
the example depicted in this figure, we have oji = —, and the green link = [8,9] 

is to be removed. 


where the notations are defined below. The projection pL,ii. and embedding 3l,r are defined by 
pL,R = id (g) g id g 3l,r = id g ^ id g , 

PL,R- M® 2 ^—^ Mag Mf-^g Mag M®^, ' 3 l,r- Ma g M®^ g Ma g M®^—^ M®^^, 

and we denote pL,Riva(uj)) = 0“- The notation 

Hi (M 2 g M®^ g Ma g M®^) = {z; e M 2 g M®^ g M 2 g M®^ | E.v = 0, K.v = v] 

is used for the trivial subrepresentation. Finally, it can be shown, see |KP14I Lemma 5.3], that for any 
vector n G Hi (^M2 g M®^ g M2 g M®^ j there exists a unique vector Tq G H2(M®^ g M2 g M®'^) such 
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Figure 5.6. Collapsing two successive visits on the same side: the effect on the link 
pattern a{uj). In the example depicted in this figure, the collapsed visits 1 / 4 , 2/5 are the 
third and fourth visits on the left, and the green link [b^,a^] = [2,3] is to be removed. 


that 


( 2 ) 


F.t+ + e 


( 2 ) 


'0 • 


This defines a linear isomorphism : u 1 —Tq'' by |KP141 Lemma 5.3]. 

Remark 5.4. By construction, the vector 0,^ = satisfies the conditions (5.2|. R remains 

to check that also the conditions (5.31 - (5.51 are satisfied. 


Lemma 5.5. The image of Hi (^M 2 0 0 M 2 0 j under the embedding 3l,r is the space 

(5.7) |■ueHl(M®2^) =0/orTO= 1 ,...,L and = 0 for m'= 1,... , 
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The projection Pl,r restricted to this space is a hijection onto Hi (^M 2 0 M 3 0 M 2 0 Mg j, and its 
inverse is 3l.r- The vector lies in (5.7 1 , and in particular, L,R (Va(uj))) = ^L,r( 0^) = Va(uj)- 


Proof. The statements about the image of and restriction of Pl,r are clear from the decomposition 
M 2 0 M 2 = Ml © M 3 . By definition of the mapping w 1 —> a{uj), the link pattern 0 ( 0 ;) does not contain 
links of type [j,j + 1] where j and j + 1 correspond to the same visited point, i.e., j = 2L + 1 — 2m or 
j = 2L + 2m'. By the projection conditions (3.31 for we have 7rj(va(oj)) = 0 for all such j. □ 


We next show how the projections appearing in the conditions (5.31 - (5.5), acting on the vector can 
be expressed in terms of singlet projections acting on the vector Va(^,^). This will be done in three 
separate cases, corresponding to the three projection conditions (5.31 - (5.5), in the form of commutative 
diagrams in Lemmas |5.6[ [STS] and [5T0| Using these commutative diagrams, we then deduce the desired 
properties of the vector from the projection properties (3.3) of Va(uj), in Corollaries 5.7 5.9 and 5.11 


Let C 2 = ^, and note that C 2 ^ 0, since q is not a root of unity. 


Lemma 5.6. For any v S M 3 0 M 2 , we have = C 2 y. ((id 0 o 0 id))(u), and for any 

V £ M2 0 M3, we have (u) = C2 x ((frC) © id) o (id 0(u). In other words, the following diagrams 
commute, up to the non-zero multiplicative constant C 2 : 


M 2 0 M 2 0 M 2 

id 0 


A3) 


0 id 


M 3 0 M 2 

Y 

^ M 2 


M 2 0 M 2 0 M 2 

0 id 


id 0 ),<^> 


M 2 0 M 3 

M, . 


Proof. We show the commutativity of the left diagram — the right is similar. Since the multiplicity 
of the subrepresentation M 2 in M 3 0 M 2 is one, by Schur’s lemma it suffices to show that the map 
(id 0 o ( 6 *^^) 0 id) is non-zero. The vector 


.^(2;2.3) 

0 


.(3) 02 ) 


1 -q 


2 '^0 


g4-l 


3® 0 


satisfies 7 rC)(rQ^’^’^^) = £ M 2 , by definition. Using Lemma 2.3 0) and the basis (2.6), we calculate 


(id 0 TT^^^) o ((,(3) 0 id)(Tg^’^’^^) =(id 0 fr^^^) ^ 

[ 2 ] 


2 X eg ^ — X Cg '' 0 0. 
L /2 


q 

1 — <7^ 
1 


03;2.2) „ (2) 


q (3;2.2) „ (2) 


□ 


Corollary 5.7. The vector 0 ^ = 7?+(Pl,_r(uq©))) satisfies the conditions (5.5). 


■ ■ ^ 2 ) 

Proof. The conditions (5.5) for the vector 0 ,^ concern projections acting on M 30 M 2 and 


Ull IVI31<yiVI2 CLllCl IVI2QVIVI3 in 
the middle of the tensor product (5.1). The linear isomorphism commutes with these projections, by 
|KP141 Eq. (5.2)]. Therefore, it suffices to consider the corresponding projection conditions for By 
we have Va{uj) = Jl^r(o^). The projections acting on 0 “ can be calculated using the 

and the projections and ^-cting 


Lemma 


5.5 


right columns of the commutative diagrams in Lemma 


5.6 
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on Va(ui)-: by the left columns, 
have 


The assertion follows by observing that, by Remark 5.3 and (3.31, we 


^2L (I'a 

m) = j 

fo 

if wi = -|- 
if wi = — 


^(2) 

77^^^ (V 

(w)) = j 

\ '^a(uj) 

10 

if wi = - 1 - 
if wi = — 




(Oc.) = 


0 if wi = + 

C 2 X Oi, if wi = - 

C 2 X Oi, if wi = + 
0 if wi = —, 


where w = (a; 2 ,a; 3 ,.. .ojm') is the order obtained from w by collapsing the first visit. See also Figure 5.5 


□ 


Let C 3 = ; and note that C 3 ^ 0, since q is not a root of unity. 

Lemma 5.8. For any u G M 3 (g) M 3 , we have (u) = C 3 x o (id g) g id) o g (v). In 
other words, the following diagram commutes, up to the non-zero multiplicative constant C 3 : 


t(3) igi ,^(3) 

M2gM2gM2gM2 ^^ M 


id® #<^'0 id 


M 2 g M 2 

*(3) 


3 I''i 3 


*(3) 


Proof. The proof is similar to the proof of Lemma |5.6| One uses Schur’s lemma and concludes by 

(3‘3 3) • (3) 

calculating that the vector Tq’ maps to a non-zero multiple of eg G M 3 in the various mappings. □ 


Corollary 5.9. The vector 0 ^ 


R+{pL,R{va{uj))) satisfies the conditions (5.4). 


Proof. The conditions (5.4) for the vector 0 ;^ concern projections TTe-m for the m:th and m l:st points 
on the right (e = -I-) or left (e = —), acting on an appropriate pair M 3 g M 3 of consecutive tensor 
components of (5.1). Again, it suffices to prove the corresponding conditions for The projections 
7re;m acting on 0 ^ can be calculated using the right column of the commutative diagram in Lemma 


and the corresponding projections acting on Va(uj), using the left column (the index k(e;m) is 

determined by e and m). The assertion follows by observing that, by Remark |5.3| and (3.3), we have 


5.8 






0 


in the case of non-successive visits 


ill the case of successive visits 

0 in the case of non-successive visits 

C 3 X Di in the case of successive visits 


where uj is the order obtained from uj by collapsing these successive visits. See also Figure 5.6 


□ 
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Lemma 5.10. For any G M 3 0 M 3 , we have Tr^^\v) = C x o (id 0 0 id) o 0 /.^^^))(v). 

[2l^ 

In other words, the following diagram commutes, up to the non-zero multiplicative constant C = 


M2 0 M2 0 M2 0 M2 

id® #<^>0 id 

M2 0 M2 

^( 1 ) 

c 


, (3) ® , (3) 


-J M3 


*( 1 ) 


c . 


Proof. The proof is similar to the proof of Lemma |5.6| One uses Schur’s lemma and concludes by 

1 i in the various mappings. 

□ 


(1.33) 

calculating that the vector Tq’ maps to a non-zero multiple of 1 G C = 


Corollary 5.11. The vector Vui = R+{pL,R{ya{uj))) satisfies the conditions (5.3l. 


Proof. The conditions (5.31 for the vector concern projections itilm for the m:th and m l:st points 
on the right (e = -I-) or left (e = —), acting on an appropriate pair M 3 0 M 3 of consecutive tensor 
components of ( |5.1[ ). Again, it suffices to prove the corresponding conditions for 0 “. The proje ctions 
7fe;m acting on 0 ^ can be calculated using the right column of the commutative diagram in Lemma 


5.10 


and the corresponding projections o acting on Va(ui), using the left column (the indices 

k{e;m) and k'(e;m) are determined by the indices e and m). The link pattern a{uj) cannot contain the 


two nested links [k, fc -I- 1] and [fc — 1, fc -|- 2] with k = k{e; m). Hence, by (3.31, we have 


□ 



Lemma 5.12. Let L,R G Z>o, L R > 1, and assume that the vector v G M®^ 0 M 2 0 M®^ satisfies 
E.v = 0, K.v = qv, and 7r^^(u) = 0, and 7ref2t(i’) = 0, ir^^miv) = 0 for all indices m and e = ±. 
Then we have v = 0. 


Proof. The conditions E.v = 0, K.v = qv show that v G H 2 (Mf’^ 0 M 2 0 M®^). Denote by 
= (^(3))®-R (g) id (g) : Mf ^ Mf^ (g) M 2 0 Mf^, 

= (i(3))®-R (g) id (g) : Mf ^ (g) M 2 0 Mf^ Mf 

v' = G H 2 (Mf(^^”^^) ;= {u G Mf | E.v = 0, K.v = qv] . 


e imply that in the 
3 or M 3 g) M 2 ) of the 


The assumptions 7 r^^(u) = 0, Ttifmiv) = 0, Trefm(v) = 0 for all indices m and 
direct sum decomposition of any two consecutive tensorands (M 3 g M 3 , M 2 g M 3 
tensor product (5.1 1 into irreducibles, the vector v lies in the highest dimensional subrepresentation. 
An application of Lemma |2.4| to each pair of two consecutive tensorands embedded in a tensor product 

5 M 2 via 

applied to 


of two dimensional representations (M 3 g M 3 via g M 2 g M 3 via id g and M 


,(3) , 


)id) shows that 7 r^^\v') = 0 for all 1 < j < 2N — 2. Therefore, by Lemma 

the vector v' belongs to the highest dimensional subrepresentation M 2 Ar C M 2 
v' G M 2 Ar n M 2 = {0}, asA^ = i?-(-L-|-l>2. We conclude hy v = pf aiv') = 0. 


2.4 


Hence, we have 

□ 
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5.5. Proof of Theorem 5.1 Solutions to (5.2 1 - (5.5) were constructed in Section 5.3 — see Remark 5.4 


and Corollaries |5 . 7| [ST^ and 5.11 Uniqueness of normalized solutions follows from Lemma [5.12| similarly 
as in the proof of Proposition 


3.2 


the difference of any two solutions of (|5.2| - (|5.5|) vanishes as a 

□ 


solution to the homogeneous system, which appears in the statement of the lemma. 


Appendix A. Local multiple SLEs 

The key technique to construct SLE type curves is their description as growth processes |Schnn| . Growth 
processes for multiple curves, however, straightforwardly only allow to construct initial segments of the 
curves. In this article we restrict our attention to such local multiple SLEs. In extending the definition 
to a probability measure on N globally defined random curves connecting 2N boundary points, one 
encounters technical difficulties similar to the challenges in proving the reversibility property of a single 
chordal SLE curve |Zha08bl IMS 12b] . 


A.l. Chordal Schramm-Loewner evolution. The simplest SLE variant is the chordal SLE^. Let 
A C C be an open simply connected domain, with two distinct boundary points 77 S dA (prime ends). 
The chordal SLE^ in A from ^ to 77 is a random curve — more precisely, a probability measure 
on oriented but unparametrized non-self-crossing curves in A from ^ to 77 (the space of such curves 
is equipped with a natural metric inherited from a uniform norm on parametrized curves). We often 
choose some parametrized curve 7 : [0,1] —>■ A, to be interpreted as its equivalence class under increasing 
reparametrizations. The chordal SLE^ itself is the family ^ ^ of these probability measures, 

indexed by the domain and marked boundary points. Schramm’s observation was that, up to the value 
of the parameter k > 0 , the family is characterized by the following two assumptions. 

• Conformal invariance: If c/i: A —>■ AMs a conformal map, and the curve 7 in A has the law 

then the image (jroj has the law A(^).^ ^ concise way to state this is that the 
measures are related by pushforwards, 

• Domain Markov property: Conditionally, given an initial segment 7|[o,t] of the curve 7 with law 

the remaining part 7 |[t,i] has the law P^ ^ where A' is the component of A\7[0, r] 

containing 77 on its boundary. 

By Riemann mapping theorem, between any triples (A; 77) and (A'; 77') there exists a conformal map 

(j): A —A' such that cj){f) = ^(77) = 77'. By conformal invariance, it therefore suffices to construct the 

chordal SLE^ in one reference domain, e.g., the upper half-plane 

El = {z G C I Am(z) > 0} . 


The chordal SLE„ in {A;f^,ri) = (IHI;0,c») is constructed by a growth process encoded in a Loewner 
chain {gt)telo,oc) as follows — see |RS05| for details. Let (Bt)ig[o,oo) be a standard Brownian motion on 
the real line, and for z G H, consider the solution to the Loewner differential equation 


(A.l) 



2 

gt{z) - Dt' 


go{z) = z, 


with the driving function Dt = The solution is defined up to a (possibly infinite) explosion time 

Tz- Let Kt be the closure of the set {z G El | < t}. The growth process (Alt)tG[o,oo) is generated by a 

random curve 7 : [0, 00 ) — )■ El in the sense that El \ Aj is the unbounded component of El \ 7(0, t]. This 
curve is (a parametrization of) the chordal SLE„. For fixed t G [0, c»), the solution to (A.l) viewed as 
a function of the initial condition z gives the unique conformal map ( 74 : El \ Aj —>■ El normalized so that 
gt{z) = z + 0 ( 1 ) as z —>■ c». 
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A.2. Local multiple SLEs. Let A C C be a simply connected domain, and let ... ,^ 2 N G dA be 
2N distinct boundary points appearing in counterclockwise order along dA. Morally, we would like to 
associate to the domain and boundary points a probability measure p(^;5i’ '>42jv) collection of N 
curves, connecting the 2N marked boundary points. Instead, a local multiple SLE will describe 2N 
initial segments of curves starting from the points up to exiting some neighborhoods Uj 9 
The localization neighborhoods Ui,... ,U 2 n are assumed to be closed subsets of A such that A\ Uj are 
simply connected and Uj C\Uk = % for j ^ k. See Figure A.l for an illustration of the localization. 


The local A^-SLE^ in A, started from (^i,... ,^ 2 n) and localized in {Ui, ..., U 2 n), is a probability mea¬ 
sure on 2A^-tuples of oriented unparametrized curves with parametrized representatives ■ ■ ■, 
such that for each j, the curve : [0,1] —)■ Uj starts at = ^j and ends at 7 i^^(l) S d{A \ Uj) on 

the boundary of the localization neighborhood. The local A^-SLE„ itself is the indexed collection 

P= 

V (Ui,...,U2n) / A;iu...,^2N;Ul,...,U2N 

This collection of probability measures is required to satisfy conformal invariance, domain Markov 
property, and absolute continuity of marginals with respect to the chordal SLE,.;: 


(Cl): If (/) : A —>■ A' is a conformal map, then the measures are related by pushforward, 


3(A;5i,...,j2Jv) 


) (<^( A) 0(^2 jv)) 


{Ui,....U2n) ~ ' (<I>(Ui),...MU'2n)) 

(DMP): Conditionally, given initial segments 7 ^'^^|[o,rj] of the curves ...,with law 

remaining parts (y(^^|[ri.i], ■ ■ ■, 7 ^^^^I[r 2 «.i]) have the law ^ where 

A' is the component of A\ (J^^i y*''^^[0,Tj] containing all tips ^j = on its boundary, and 

Cj = Uj n A'. 

(MARG): There exist smooth functions 6^1) : X 2 N —t Kj for j = 1,, 2N, such that for the do¬ 
main A = H, boundary points a;i < ... < X 2 n-, and their localization neighborhoods C/i,..., U 2 N-, 
the marginal on the j:th curve under is the following. Consider the Loewner 


(A.2) 


equation (A.l) with driving process (Aj)(g[o_a.) that solves the system of Ito SDEs 
dXt = VlidBt + 


dA« = 


2 dt 


Xl^> - Xt 


for i ^ j, 



We will use the following result of Dubedat. 

Proposition A.l ((DubOTj). IfP= satisfies the conditions (Cl), (DMP), and (MARG), 

then there exists a function Z: A 2 N M>o satisfying the partial differential equations ( |1.2[ ), such that 
the drift functions in (MARG) take the form 


bU) = 


djZ 


for) = 1,...,2N. 


Proof. Given the local multiple SLE„ P, we may take A = H and any (cci,... ,X 2 n) G ^ 2 N- It follows 


from |Dub07l Theorem 7 and the remark after it] that there exists a function Z satisfying (1.2) such 
that the drifts in (A.2 1 are = K . The solution Z is a, priori defined in a neighborhood of 


the starting point (xi,... ,X 2 n)i and determined only up to a multiplicative constant. By considering 
different starting points, we see that such a function Z: X 2 N —t R>o exists on the entire chamber. □ 













41 



Figure A.l. Schematic illustration of a local multiple SLE. 


We note that the localizations satisfy the following consistency property under restriction to smaller 
localization neighborhoods. This consistency allows always continuing the curves by a little, but it is 
not sufficient for the definition of a global multiple SLE. 

Proposition A.2. Suppose that both {Ui,. . . ,U 2 n) o,nd (Fi, ... , V 2 Ar) localization neighborhoods 
for (A; ^ 1 ,...,^ 2 Af)) o,nd that Vj C Uj for each j. Let be representatives of curves 

with law = inf {t > 0 | 'Y^^\t) € d{A \ Vj)} be their exit times from the smaller 

neighborhoods. Then {7*'^^|[o,cri]) ■ • • 57 *‘^^^|[o.(T 2 n]) representatives of curves with law v4n”^- 

Proof. The marginal on the j:th curve described in (MARG) clearly satisfies such a restriction consis¬ 
tency. The consistency for all curves follows inductively by the domain Markov property (DMP). □ 


A.3. Sampling one by one from marginals. Property (MARG) describes the marginal law of one of 
the 2N curves, and property (DMP) gives the conditional law of the others, given one. One thus obtains 
a procedure for sampling a local multiple SLE„. In this section, we first describe the marginal law of 
yfj) by its Radon-Nikodym derivative with respect to the chordal SLE„, explicitly expressed in terms of 
Z. We then formalize the sampling procedure, which is now meaningful with just the knowledge of Z. 


Recall that by Proposition 
(W)te[o,,] and 


A.l 


the drift functions b^^^ are necessarily of the form b^^'^ = K . Let 

i be 


JtG[o.T] ana for i ^ j solve the SDEs (A.2 1 with these drifts, and let 7 : [0,r] 

the random curve with the Loewner driving function Xt as in (MARG), and r any stopping time such 
that, for some e > 0 and all 0 < t < r, we have 

\xii) _ > £ foj. j ^ ^ -Xt\>e 


(A.3) 


for all i. 


Then, the law P^, of the curve 7 is absolutely continuous with respect to an initial segment of the chordal 
SLEk, with Radon-Nikodym derivative 


(A.4) 


dP, 


(H;JVo,oo) 


dP 


0 




(d 


Z(g(A''’),..., g(7(r)),5(Ai^+'^) 


)Y' 


di-i)'. 


(i+i)> 


,5(^0 


{2N) 


)) 


Z(A, 


( 1 ) 
0 ’ 


W, 


0 - 1 ) 


,^ 0,^0 


0 + 1 ) 




(21V) \ 






42 


where g : IHI \ if —?> IHI is the conformal map such that g{z) = z + o(l) as z —>■ oo, K is the hull of 7 and 
h = In fact, 7 is obtained by Girsanov re-weighting of the chordal SLE^ by the martingale 

(A.5) t ^ Mt 




where gt is the solution to the Loewner equation (A.l I with the driving function Dt = y/uBt + Xq. 

< a neighborhood 


In view of the above, given points < • • • < A, 

U of Aq not containing the points Xq \ and a positive function Z, we construct a random curve 7 by 


df-i) 


< An < A, 


0 + 1 ) 


< 


the weighting (A.4) of an initial segment of the chordal SLE^ up to the stopping time 

r = = inf {t > 0 I 7 (t) Gd{U\U)}. 


Note that this stopping time satisfies the condition (|A.3 ), by standard harmonic measure estimates. 


Sampling procedure A.3. Given a positive function Z: X 2 W —>■ K> 0 ) a random 2N -tuple 

of curves in IH starting from (xi ,..., X 2 n) with localization neighborhoods (Ui ,..., U 2 n) can be sampled 

according to the following procedure. 


• Select an order in which the curves will be sampled, encoded in a permutation p € & 2 N. 

• Sample the first curve in the selected order, for j = p{l), from the measure (A.4) with 
Xq = Xj and Xq^ = Xi for i ^ j, and with the stopping time r = 

• Suppose the first k — 1 curves _ _, ^^(p(fc-i)) selected order have been sampled, and 

let j = p{k). Let K be the hull of U • • • U and G: IHI\ A —>■ El the conformal map 

such that G{z) = 2 : -I- o(l) as z ^ 00 . Let Xq = G{xj), = Gfxi) for i = k I,..., 2N, 

and let be the image of the tip of for I = 1,... ,k — 1. Gonstruct the k:th curve 

as = G~^ o 7 using the curve 7 sampled from the measure (A.41 with the stopping time 

By the local commutation of Dubedat, |Dub07| . this procedure results in the same law of ( 7 ^^),..., 701 ^)) 
independently of the sampling order p, provided that Z is a solution to the system 


A.4. Partition function and PDEs. We will next state the main theorem towards a construction of 
multiple SLE processes. The most profound parts of the proof rely on Dubedat’s commutation of SLEs 
|Dub07| . In summary, the theorem states that multiple SLE^ partition functions Z correspond to local 
multiple SLEk processes, via the sampling procedure |A.3| and two partition functions correspond to the 
same local multiple SLE^ if and only if they are proportional to each other. More precisely, the set 


{Z{xi,... ,X 2 n) I Z'. X.2N —t K>o is a positive solution to ( 1.21 - (1.3) } / K>o 


corresponds one-to-one with the set of local multiple SLEs P. Moreover, convex combinations of partition 
functions correspond to convex combinations of localizations of multiple SLEs as probability measures. 

Theorem A.4. 


(a): Suppose Z: X 2 N K>o is a positive solution to the system (1.2) - (1.3). Then the random 


collection of curves obtained by Procedure A.3 is a local multiple SLE„ 
rise to the same local multiple SLE^ if and only if Z = const, x Z. 


Two functions Z, Z give 


(b): Suppose P is a local multiple SLE^. Then there exists a positive solution Z: X 2 N 
to the system (1.2) - (1.3), such that for any j = 1, 


^>0 


,2N, the drift in (A.2) is given by 


bU) = K . Such a function Z is determined up to a multiplicative constant. 
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(c): Suppose that Z\ and Z 2 are positive solutions to the system (1.2) 

Z = rZi +(I- r)Z 2 , 


(1.3) and 


(A.6) 


wtth 0 < r < 1. Denote by P = ), Pi = = ((P 2 )[^^:,:^tf 

the local multiple SLEs associated to Z, Zi and Z 2 , respectively. Fix the domain A and the 
marked points (^ 1 ,..., ^ 2 n), o,nd let ((7i,..., U 2 n) be any localization neighborhoods. Then the 
probability measure associated to Z is obtained as the following convex combination 




{Ui,...,U 2 n) 


Zm,),...,cf{f2N)) ^ 


(A;{i,...,^2Jv) 

(Ui,...,U2n) 


+ ( 1 -r) 


22{4>{£.i), - ■ ■ ,4>{£.2n)) 


(P2) 


{Ui,...,U2n) 


zmi),---.mN)) 

where A —>■ H is any conformal map such that (j)~^{oo) belongs to the positively oriented 
boundary segment between f 2 N cind ^ 1 . 


Proof. 


(a): In M , for any marked points (xi,..., X 2 n) and localization neighborhoods (Ui,..., U 2 n), Pro¬ 
cedure A.3 defines a random 2A^-tuple ( 7 ^^,... of curves. From the assumption (1.2) 

and the local commutation of |Dub07l Lemma 6 & Theorem 7] it follows that the law of 
( 7 ^^ ..., 7 ^^^^) is independent of the chosen sampling order p. From the assumption (1.3) 


and a standard coordinate change |Kyt07[ Proposition 6.1] it follows that the result of the sam¬ 
pling is Mobius invariant, that is, (Cl) holds for any H —>■ El which preserves the order of the 
marked points. Thus, we may use (Cl) to define the laws of the random 27V-tuples of curves 
in any other simply connected domain. The condition (MARC) follows directly from Proce¬ 
dure A.3| by choosing the j:th curve to be sampled first to obtain (|A.2 ). Finally, the condition 
(DMP) follows from the local commutation of |Dub07l Proposition 5 & Lemma 6 ]. 


(b): Given the local multiple SLE„ P, the infinitesimal commutation of |Dub07j summarized in 
Proposition A.l implies the existence of a positive solution Z to (1.2) which determines the 

The function Z 


drifts b^^^ ^ (|A.2). 


is determined up to a multiplicative constant. 
By (Cl) for Mobius transformations ((): El —>■ El and a standard SLE calculation — see |Kyt07[ 
Proposition 6.1] and |Gra07| — the function Z also satisfies Mobius covariance (1.3). 


(c): It suffices to show the convex combination property (A. 6 ) for the marginal of a single curve 


by (DMP), (Cl), and the independence of Procedure A.3 of the sampling order. To describe 


The 


that marginal, we compare the conformal image j = (f o yi-b with the chordal SLE^ in 
law of 7 under the localization ’ of P has Radon-Nikodym derivative of type (A.4) 

with respect to an initial segment of the chordal SLE 


Denote by t 1 —>■ Mt, and the chordal SLE^ martingales (A.5) associated to the 


partition functions Z, Z\ and Z 2 , respectively, where the starting points are Xq = and 

Xq'^ = for i 7 ^ j. The Radon-Nikodym derivative (A.4) of the law of 7 can be written in 

terms of the martingales at a certain stopping time r as 


Mr ^ZijX, 
Mo ^ Z(X, 


( 1 ) 

0 ! 




(2N) 


' Z{x^,^>,...,xr’) M, 


) M: 

- X 


(1) 'P' ( ■V^(l) 

,„+(l-r)^?AL 2 




{2N) 


0 


727V) 


) M, 

- X 


( 2 ) 


( 2 ) ' 


The ratios Mr^'^/M^'^ and are the corresponding Radon-Nikodym derivatives of 


7 


under the localizations of Pi and P 2 , respectively. The convex combination property (A. 6 ) 
follows. 


□ 
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A.5. Asymptotics of the partition functions. Theorem A.4 explains the requirements (1.2) and 

(1.3) for the multiple SLE partition functions Z. Our objective is to construct the partition functions 
corresponding to the extremal multiple SLEs with deterministic connectivities described by link patterns 
a. All Za, for a S LPjv, are required to satisfy the same partial differential equations (1.2) and covariance 

(1.3) , but the boundary conditions depend on a, as formulated in the asymptotics requirements (1.4). 
This section pertains to the probabilistic justification of these asymptotics requirements. 

For the pure geometries of multiple SLEs, we want the curves to meet pairwise according to a given 
connectivity a. For a local multiple SLE, meeting of curves is not meaningful, but it suggests clear 
requirements for the processes. Indeed, in terms of the processes ^ Aj, ..., x'f^\ 

the differences \Xt — quantify suitable conformal distances of the tip 7 ( 1 ) (f) of the j-.th curve to the 
marked points X^'^ — the difference is a renormalized limit of the harmonic measure of the boundary 
segment between the tip and the marked point, seen from infinity. Therefore, the connectivity a should 
determine whether or not it is possible for the d iffere nce process \Xt — x[^\ to hit zero. As the drift 
of the process A* depends on Z (Proposition A.l), the possibility of hitting zero is in fact encoded 
in the asymptotics of Z. 


Concerning the possible asymptotics, recall from Theorem 2.6 that for the solutions Z = the limit 

) ^2Ar) 


lim 

+ [Xj + I — Xj)' 


always exists. If Trj{v) ^ 0, then this limit is non-zero. If TTj{v) = 0, then the above limit vanishes, but 
a slightly more precise formulation of the “spin chain - Coulomb gas correspondence” of |KP14| shows 
that in that case the limit 

(A. 8 ) lim 

+ [Xj+I — Xj) » 

exists. In fact, if u 7 ^ 0, then exactly one of the limits above exists and is non-zero. This property can 
also be derived directly from the partial differential equations (1.2), see |FKI5dl Theorem 2, part 1]. 

Morally, in the two possible cases, the difference \Xt — is locally absolutely continuous with 

respect to a Bessel process. The dimension of the Bessel process is different depending on which of the 
limits (A.7) or (A. 8 ) is non-zero, so that hitting zero is possible in the former case and impossible in 
the latter — see Proposition A.5 below. Conditions (1.4) express that the former case should happen if 
[j,j + 1] G a, and the latter if [j,j -I- 1] ^ a. Moreover, in the former case the conditions (1.4) specify 
the form of the limit (A.7). To motivate this requirement, in Proposition A .6 we show that it implies 
a cascade property for the behavior of the other curves in the limit of collapsing the marked points Xj 
and Xjj. 1 . 

Consider now the SDE defining the j:th curve, and the process of the distance of its tip to the next 
marked points Xq^ and on the left and right, respectively. 


Proposition A. 5. Fix j,j ± 1 G {!,..., 2A}, and suppose that Z is a positive solution to (1.2) for 
whieh the limit of \xj — Xj±i\~^ x Z{x\t .. ^X 2 n) Xj^Xj±i —)■ ^ exists and is non-zero, for all 
choices of ixk)k^j,j±i and f, G Let [x^^\ ..., Xt, ..., 

be a solution to the SDE (A.2), where ^ Z ’ and T is any stopping time such that for some 

e > 0, R > 0 and for all t < t, we have \x\^'^ — > e for all k I, and \x[^'^ — At| > e 

for all k j ± 1, and < R for all k, and \Xt\ < R. Then the law of the difference process 

Yt = |A (—t G [0,r], is absolutely continuous with respect to the law of a linear time change of a 
Bessel process of dimension (5 = 1 -|- 2A -|- -. According to the two possible cases, we have the following: 


If the limit (A.7) is non-zero, then A = and (5 = 3—® <2, and solutions to the SDE (A.2) 
exist up to stopping times r at which we have = 0 with positive probability. 
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• If the limit (A.7l vanishes, then the limit (A. 8 ) exists and is non-zero, and we have A = ^ and 
5 = 1 + ^ > 2 , so the distance Yt remains positive for all t G [0,t], almost surely. 

Proof. We prove the case where the sign ± is — ; the other is similar. We consider three probability mea- 


di) 




0 - 1 ) 




0 + 1 ) 


* ^te[ 0 ,r] 


sures P, P 0 , and P on 2A-component stochastic processes 
For each of the three, the path of the j:th component up to time t is taken to determine the other com¬ 
ponents at time t by = ^((Aq*^), where (gs)sG[o,t] is the solution to the Loewner equation (A.ll 


with driving process Dg = Xg. The measures P, P 0 and P thus essentially only differ by the law they 
assign to (At)tg[o,.r]- 


The statement of the proposition concerns the measure P defined by the SDE (A.2 1 . The second measure 


P 0 is taken to be the chordal SLE„ measure, under which the driving process is Xt = ^/nBt -I-Aq. Note 
that there exists a sequence (T„)„gN of stopping times increasing to r, such that up to r„ the measure 
P is absolutely continuous with respect to P 0 , with Radon-Nikodym derivative Mt.„/Mq given in terms 
of the P 0 -martingale 

Mt = [](g^(A«))'s^ X Z(A«,...,Ap'^^ 

Finally, the third measure P is defined up to time t„ by its Radon-Nikodym derivative M^^/Mq with 
respect to P 0 , where 

Mt = {g[{xt"^)f-^ X (At-Ap-'))^. 

By the assumption on Z, the ratio Mt/Mt is bounded away from 0 and 00 for all t < t, so we see that 
the probability measures P and P are mutually absolutely continuous. Under P, we have, by Girsanov’s 
theorem, 

kA 


dA^ = ^/K dBt + 


Xt-X, 


0 - 1 ) 


df, 


where B^ is a P-Brownian motion. Consequently, the difference Yt = Xt — A, 

dYt = ^/ifdBt + ^ dt. 

If. 


0 - 1 ) 


satisfies the SDE 


By this SDE, under the measure P, which is absolutely continuous with respect to the original measure 
P, the process Yt is a linear time change of a Bessel process of dimension 5 = 1-1- 2A - 1 - The last 
part of the statement is essentially routine in view of the fact that if A = then the dimension is 
5 = 1 -I- - > 2, and if A = then 5 = 3—-< 2. □ 


Proposition A.6 . Suppose Z is a positive solution to (1.2) such that the limit 

Z{xi,.. .,X2 n) 


(A.9) 


lim 

+ \Xj + x — Xj\ 


. Z{x\ , . . . , Xj — \, Xj-|_2, • ■ • , X2N ) 


exists for any ^ G (xj-i, Xj+ 2 ), and assume that the limit function Z is continuous and positive. Fix 
the points {xi ,..., Xj-l,Xj.^. 2 ^ • ■ •) X 2 n) o.nd the localization neighborhoods {Ui ,..., C/j_i, Uj+ 2 ) ■ • ■ j U 2 n) 
so that they do not contain a chosen point ^ G {xj-i,Xj+ 2 )- Then, as Xj+i,Xj -G the marginal law 


of the curves ( 7 *^^),... , 7*^1 ... , 7 ^^^^) under P 

})y ifig sampling procedure 


(H;a:i,...,K2N) 


converges weakly to the measure 


A.3 with the function Z. 


Proof. First note that the limit (A.91 is uniform on compact subsets of the positions of the variables 
{xi,... ,Xj-i,^,Xj+ 2 t ■ ■ ■ )X 2 n)- Namely, let X 2 N C be the domain of definition of Z, and interpret 
a compact subset K of the positions of these variables as a subset of its boundary K C dX 2 N, by using 
^ as the value for both variables Xj,Xj-^.l. In the closure X 2 N we can take a compact K' which contains 


a small open neighborhood G of K, i.e. K C G C K'. Now because Z is continuous, the limit (A.91 can 
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be used to extend the ratio Z j \xjj^i — Xj\ » continuously to dX 2 N H K'. This extension is uniformly 
continuous on K, so the limit (A.9 \ is uniform over all choices of (cci,..., Xj-i,^^ Xj+ 2 , • ■ •, X 2 n) G K. 

Consider the law of the A::th curve k ^ j,j + 1. Its Radon-Nikodym derivative with respect to the 
chordal SLE^ is given by (A.4|. But the expression (A.4| is uniformly close to the corresponding one 
with Z, by the uniformity on compacts of the limits g'{xj)^ g'{xj+i)^ { ■) )'^^ ^ (A.9). 

Since the Radon-Nikodym derivatives are uniformly close, the marginal laws of the fc:th curve are close 
in the topology of weak convergence. To handle the the joint law of all curves other than 
apply the same argument also in further steps of the sampling procedure |A.3[ □ 
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